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model-based collaborative filtering
• Matrix Factorization
• Factorization Machines
• Sparse Linear Method (SLIM)
• Neural Networks
• Handling Implicit Feedback
• Weighted Matrix Factorization (WMF)
• Bayesian Personalized Ranking (BPR)
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factorization machines
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view of factorization machines
• can be regarding as a generalization of matrix factorization that can

• encode multiple attributes (sources of information) about users and items
• consider higher-degree dependencies between features

• a training example (rating) can include attributes about which user rated 
which item, when, etc.
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Fig. 1. Example (from Rendle [2010]) for representing a recommender problem with real valued feature
vectors x. Every row represents a feature vector xi with its corresponding target yi. For easier interpreta-
tion, the features are grouped into indicators for the active user (blue), active item (red), other movies rated
by the same user (orange), the time in months (green), and the last movie rated (brown).

where k is the dimensionality of the factorization and the model parameters ! =
{w0, w1, . . . , wp, v1,1, . . . vp,k} are

w0 ∈ R, w ∈ Rp, V ∈ Rp×k. (2)

The first part of the FM model contains the unary interactions of each input variable
x j with the target—exactly as in a linear regression model. The second part with the
two nested sums contains all pairwise interactions of input variables, that is, x j x j ′ .
The important difference to standard polynomial regression is that the effect of the
interaction is not modeled by an independent parameter wj, j but with a factorized
parametrization wj, j ≈ 〈v j, v j ′ 〉 =

∑k
f=1 v j, f v j ′, f which corresponds to the assumption

that the effect of pairwise interactions has a low rank. This allows FMs to estimate re-
liable parameters even in highly sparse data where standard models fail. The relation
of FMs to standard machine-learning models is discussed in more detail in Section 4.3.

In Section 4, it will also be shown how FMs can mimic other well known factoriza-
tion models, including matrix factorization, SVD++, FPMC, timeSVD, etc.

Complexity. Let Nz be the number of nonzero elements in a matrix X or vector x.

Nz(X ) :=
∑

i

∑

j

δ(xi, j '= 0), (3)

where δ is the indicator function

δ(b ) :=
{

1, if b is true
0, if b is false

. (4)

The FM model in Equation (1) can be computed in O(k Nz(x)) because it is equivalent
[Rendle 2010] to

ŷ(x) = w0 +
p∑

j=1

w j x j +
1
2

k∑

f=1








p∑

j=1

v j, f x j




2

−
p∑

j=1

v2
j, f x2

j



 . (5)

The number of model parameters |!| of an FM is 1 + p + k p and thus linear in the
number of predictor variables (= size of the input feature vector) and linear in the size
of the factorization k.
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how to predict ratings given all these attributes?
• basic linear regression
• learn the appropriate weight       for each attribute

Factorization Machines with libFM 57:3

Fig. 1. Example (from Rendle [2010]) for representing a recommender problem with real valued feature
vectors x. Every row represents a feature vector xi with its corresponding target yi. For easier interpreta-
tion, the features are grouped into indicators for the active user (blue), active item (red), other movies rated
by the same user (orange), the time in months (green), and the last movie rated (brown).

where k is the dimensionality of the factorization and the model parameters ! =
{w0, w1, . . . , wp, v1,1, . . . vp,k} are

w0 ∈ R, w ∈ Rp, V ∈ Rp×k. (2)

The first part of the FM model contains the unary interactions of each input variable
x j with the target—exactly as in a linear regression model. The second part with the
two nested sums contains all pairwise interactions of input variables, that is, x j x j ′ .
The important difference to standard polynomial regression is that the effect of the
interaction is not modeled by an independent parameter wj, j but with a factorized
parametrization wj, j ≈ 〈v j, v j ′ 〉 =

∑k
f=1 v j, f v j ′, f which corresponds to the assumption

that the effect of pairwise interactions has a low rank. This allows FMs to estimate re-
liable parameters even in highly sparse data where standard models fail. The relation
of FMs to standard machine-learning models is discussed in more detail in Section 4.3.

In Section 4, it will also be shown how FMs can mimic other well known factoriza-
tion models, including matrix factorization, SVD++, FPMC, timeSVD, etc.

Complexity. Let Nz be the number of nonzero elements in a matrix X or vector x.

Nz(X ) :=
∑

i

∑

j

δ(xi, j '= 0), (3)

where δ is the indicator function

δ(b ) :=
{

1, if b is true
0, if b is false

. (4)

The FM model in Equation (1) can be computed in O(k Nz(x)) because it is equivalent
[Rendle 2010] to

ŷ(x) = w0 +
p∑

j=1

w j x j +
1
2

k∑

f=1








p∑

j=1

v j, f x j




2

−
p∑

j=1

v2
j, f x2

j



 . (5)

The number of model parameters |!| of an FM is 1 + p + k p and thus linear in the
number of predictor variables (= size of the input feature vector) and linear in the size
of the factorization k.
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j, f x2

j



 . (5)

The number of model parameters |!| of an FM is 1 + p + k p and thus linear in the
number of predictor variables (= size of the input feature vector) and linear in the size
of the factorization k.
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• linear regression with higher-order terms
• introduce additional attributes capturing interactions (up to degree 2) 

between attributes
• also learn the weights           for each pair of attributes 

r̂ui = µ+
X
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what is the problem with the higher-order linear regression idea?

Factorization Machines with libFM 57:3

Fig. 1. Example (from Rendle [2010]) for representing a recommender problem with real valued feature
vectors x. Every row represents a feature vector xi with its corresponding target yi. For easier interpreta-
tion, the features are grouped into indicators for the active user (blue), active item (red), other movies rated
by the same user (orange), the time in months (green), and the last movie rated (brown).

where k is the dimensionality of the factorization and the model parameters ! =
{w0, w1, . . . , wp, v1,1, . . . vp,k} are

w0 ∈ R, w ∈ Rp, V ∈ Rp×k. (2)

The first part of the FM model contains the unary interactions of each input variable
x j with the target—exactly as in a linear regression model. The second part with the
two nested sums contains all pairwise interactions of input variables, that is, x j x j ′ .
The important difference to standard polynomial regression is that the effect of the
interaction is not modeled by an independent parameter wj, j but with a factorized
parametrization wj, j ≈ 〈v j, v j ′ 〉 =

∑k
f=1 v j, f v j ′, f which corresponds to the assumption

that the effect of pairwise interactions has a low rank. This allows FMs to estimate re-
liable parameters even in highly sparse data where standard models fail. The relation
of FMs to standard machine-learning models is discussed in more detail in Section 4.3.

In Section 4, it will also be shown how FMs can mimic other well known factoriza-
tion models, including matrix factorization, SVD++, FPMC, timeSVD, etc.

Complexity. Let Nz be the number of nonzero elements in a matrix X or vector x.

Nz(X ) :=
∑

i

∑

j

δ(xi, j '= 0), (3)

where δ is the indicator function

δ(b ) :=
{

1, if b is true
0, if b is false

. (4)

The FM model in Equation (1) can be computed in O(k Nz(x)) because it is equivalent
[Rendle 2010] to

ŷ(x) = w0 +
p∑

j=1

w j x j +
1
2

k∑

f=1








p∑

j=1

v j, f x j




2

−
p∑

j=1

v2
j, f x2

j



 . (5)

The number of model parameters |!| of an FM is 1 + p + k p and thus linear in the
number of predictor variables (= size of the input feature vector) and linear in the size
of the factorization k.

ACM Transactions on Intelligent Systems and Technology, Vol. 3, No. 3, Article 57, Publication date: May 2012.
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X

p
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<latexit sha1_base64="u+9kf2pOHwWIvKz2vWlnib/QFKA="></latexit><latexit sha1_base64="u+9kf2pOHwWIvKz2vWlnib/QFKA="></latexit><latexit sha1_base64="u+9kf2pOHwWIvKz2vWlnib/QFKA="></latexit><latexit sha1_base64="u+9kf2pOHwWIvKz2vWlnib/QFKA="></latexit>

too many weights           to learn:
e.g., for      users and     items in the order of 

wp,p0
<latexit sha1_base64="GvbUcpMeO8jlM5uzEJwwqHcAt7U=">AAAB73icbVBNSwMxEJ34WetX1aOXYBE9SNmVgh4LXjxWsB/QLiWbZtvQbDYmWaUs/RNePCji1b/jzX9j2u5BWx8MPN6bYWZeqAQ31vO+0crq2vrGZmGruL2zu7dfOjhsmiTVlDVoIhLdDolhgkvWsNwK1laakTgUrBWObqZ+65FpwxN5b8eKBTEZSB5xSqyT2k+9TF2os0mvVPYq3gx4mfg5KUOOeq/01e0nNI2ZtFQQYzq+p2yQEW05FWxS7KaGKUJHZMA6jkoSMxNks3sn+NQpfRwl2pW0eKb+nshIbMw4Dl1nTOzQLHpT8T+vk9roOsi4VKllks4XRanANsHT53Gfa0atGDtCqObuVkyHRBNqXURFF4K/+PIyaV5WfK/i31XLtWoeRwGO4QTOwYcrqMEt1KEBFAQ8wyu8oQf0gt7Rx7x1BeUzR/AH6PMHx4WPvQ==</latexit><latexit sha1_base64="GvbUcpMeO8jlM5uzEJwwqHcAt7U=">AAAB73icbVBNSwMxEJ34WetX1aOXYBE9SNmVgh4LXjxWsB/QLiWbZtvQbDYmWaUs/RNePCji1b/jzX9j2u5BWx8MPN6bYWZeqAQ31vO+0crq2vrGZmGruL2zu7dfOjhsmiTVlDVoIhLdDolhgkvWsNwK1laakTgUrBWObqZ+65FpwxN5b8eKBTEZSB5xSqyT2k+9TF2os0mvVPYq3gx4mfg5KUOOeq/01e0nNI2ZtFQQYzq+p2yQEW05FWxS7KaGKUJHZMA6jkoSMxNks3sn+NQpfRwl2pW0eKb+nshIbMw4Dl1nTOzQLHpT8T+vk9roOsi4VKllks4XRanANsHT53Gfa0atGDtCqObuVkyHRBNqXURFF4K/+PIyaV5WfK/i31XLtWoeRwGO4QTOwYcrqMEt1KEBFAQ8wyu8oQf0gt7Rx7x1BeUzR/AH6PMHx4WPvQ==</latexit><latexit sha1_base64="GvbUcpMeO8jlM5uzEJwwqHcAt7U=">AAAB73icbVBNSwMxEJ34WetX1aOXYBE9SNmVgh4LXjxWsB/QLiWbZtvQbDYmWaUs/RNePCji1b/jzX9j2u5BWx8MPN6bYWZeqAQ31vO+0crq2vrGZmGruL2zu7dfOjhsmiTVlDVoIhLdDolhgkvWsNwK1laakTgUrBWObqZ+65FpwxN5b8eKBTEZSB5xSqyT2k+9TF2os0mvVPYq3gx4mfg5KUOOeq/01e0nNI2ZtFQQYzq+p2yQEW05FWxS7KaGKUJHZMA6jkoSMxNks3sn+NQpfRwl2pW0eKb+nshIbMw4Dl1nTOzQLHpT8T+vk9roOsi4VKllks4XRanANsHT53Gfa0atGDtCqObuVkyHRBNqXURFF4K/+PIyaV5WfK/i31XLtWoeRwGO4QTOwYcrqMEt1KEBFAQ8wyu8oQf0gt7Rx7x1BeUzR/AH6PMHx4WPvQ==</latexit><latexit sha1_base64="GvbUcpMeO8jlM5uzEJwwqHcAt7U=">AAAB73icbVBNSwMxEJ34WetX1aOXYBE9SNmVgh4LXjxWsB/QLiWbZtvQbDYmWaUs/RNePCji1b/jzX9j2u5BWx8MPN6bYWZeqAQ31vO+0crq2vrGZmGruL2zu7dfOjhsmiTVlDVoIhLdDolhgkvWsNwK1laakTgUrBWObqZ+65FpwxN5b8eKBTEZSB5xSqyT2k+9TF2os0mvVPYq3gx4mfg5KUOOeq/01e0nNI2ZtFQQYzq+p2yQEW05FWxS7KaGKUJHZMA6jkoSMxNks3sn+NQpfRwl2pW0eKb+nshIbMw4Dl1nTOzQLHpT8T+vk9roOsi4VKllks4XRanANsHT53Gfa0atGDtCqObuVkyHRBNqXURFF4K/+PIyaV5WfK/i31XLtWoeRwGO4QTOwYcrqMEt1KEBFAQ8wyu8oQf0gt7Rx7x1BeUzR/AH6PMHx4WPvQ==</latexit>

m
<latexit sha1_base64="yCU3e2mL8fi1obgrOxK+w2GhglE=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koGXAxjIBkwjJEfY2c8ma3b1jd08IIb/AxkIRW3+Snf/GTXKFJj4YeLw3w8y8KBXcWN//9gobm1vbO8Xd0t7+weFR+fikbZJMM2yxRCT6IaIGBVfYstwKfEg1UhkJ7ETj27nfeUJteKLu7STFUNKh4jFn1DqpKfvlil/1FyDrJMhJBXI0+uWv3iBhmURlmaDGdAM/teGUasuZwFmplxlMKRvTIXYdVVSiCaeLQ2fkwikDEifalbJkof6emFJpzERGrlNSOzKr3lz8z+tmNr4Jp1ylmUXFloviTBCbkPnXZMA1MismjlCmubuVsBHVlFmXTcmFEKy+vE7aV9XArwbNWqVey+MowhmcwyUEcA11uIMGtIABwjO8wpv36L14797HsrXg5TOn8Afe5w/RV4zj</latexit><latexit sha1_base64="yCU3e2mL8fi1obgrOxK+w2GhglE=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koGXAxjIBkwjJEfY2c8ma3b1jd08IIb/AxkIRW3+Snf/GTXKFJj4YeLw3w8y8KBXcWN//9gobm1vbO8Xd0t7+weFR+fikbZJMM2yxRCT6IaIGBVfYstwKfEg1UhkJ7ETj27nfeUJteKLu7STFUNKh4jFn1DqpKfvlil/1FyDrJMhJBXI0+uWv3iBhmURlmaDGdAM/teGUasuZwFmplxlMKRvTIXYdVVSiCaeLQ2fkwikDEifalbJkof6emFJpzERGrlNSOzKr3lz8z+tmNr4Jp1ylmUXFloviTBCbkPnXZMA1MismjlCmubuVsBHVlFmXTcmFEKy+vE7aV9XArwbNWqVey+MowhmcwyUEcA11uIMGtIABwjO8wpv36L14797HsrXg5TOn8Afe5w/RV4zj</latexit><latexit sha1_base64="yCU3e2mL8fi1obgrOxK+w2GhglE=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koGXAxjIBkwjJEfY2c8ma3b1jd08IIb/AxkIRW3+Snf/GTXKFJj4YeLw3w8y8KBXcWN//9gobm1vbO8Xd0t7+weFR+fikbZJMM2yxRCT6IaIGBVfYstwKfEg1UhkJ7ETj27nfeUJteKLu7STFUNKh4jFn1DqpKfvlil/1FyDrJMhJBXI0+uWv3iBhmURlmaDGdAM/teGUasuZwFmplxlMKRvTIXYdVVSiCaeLQ2fkwikDEifalbJkof6emFJpzERGrlNSOzKr3lz8z+tmNr4Jp1ylmUXFloviTBCbkPnXZMA1MismjlCmubuVsBHVlFmXTcmFEKy+vE7aV9XArwbNWqVey+MowhmcwyUEcA11uIMGtIABwjO8wpv36L14797HsrXg5TOn8Afe5w/RV4zj</latexit><latexit sha1_base64="yCU3e2mL8fi1obgrOxK+w2GhglE=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koGXAxjIBkwjJEfY2c8ma3b1jd08IIb/AxkIRW3+Snf/GTXKFJj4YeLw3w8y8KBXcWN//9gobm1vbO8Xd0t7+weFR+fikbZJMM2yxRCT6IaIGBVfYstwKfEg1UhkJ7ETj27nfeUJteKLu7STFUNKh4jFn1DqpKfvlil/1FyDrJMhJBXI0+uWv3iBhmURlmaDGdAM/teGUasuZwFmplxlMKRvTIXYdVVSiCaeLQ2fkwikDEifalbJkof6emFJpzERGrlNSOzKr3lz8z+tmNr4Jp1ylmUXFloviTBCbkPnXZMA1MismjlCmubuVsBHVlFmXTcmFEKy+vE7aV9XArwbNWqVey+MowhmcwyUEcA11uIMGtIABwjO8wpv36L14797HsrXg5TOn8Afe5w/RV4zj</latexit>

n
<latexit sha1_base64="Vu/BhDQXSNJ5rksYttTezvBsnYk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSSw7LFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGtn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNiUbgrf+8ibp3FQ9t+q1apVGLY+jCBdwCdfgQR0acA9NaAMDhGd4hTfn0Xlx3p2PVWvByWfO4Q+czx/S24zk</latexit><latexit sha1_base64="Vu/BhDQXSNJ5rksYttTezvBsnYk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSSw7LFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGtn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNiUbgrf+8ibp3FQ9t+q1apVGLY+jCBdwCdfgQR0acA9NaAMDhGd4hTfn0Xlx3p2PVWvByWfO4Q+czx/S24zk</latexit><latexit sha1_base64="Vu/BhDQXSNJ5rksYttTezvBsnYk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSSw7LFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGtn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNiUbgrf+8ibp3FQ9t+q1apVGLY+jCBdwCdfgQR0acA9NaAMDhGd4hTfn0Xlx3p2PVWvByWfO4Q+czx/S24zk</latexit><latexit sha1_base64="Vu/BhDQXSNJ5rksYttTezvBsnYk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSSw7LFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGtn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNiUbgrf+8ibp3FQ9t+q1apVGLY+jCBdwCdfgQR0acA9NaAMDhGd4hTfn0Xlx3p2PVWvByWfO4Q+czx/S24zk</latexit>

(n+m)2
<latexit sha1_base64="TWBahd38xULrbGJDkC7/D4jZWfI=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahIpTdUtBjwYvHCvYD2rVk02wbmmSXJCuUpT/CiwdFvPp7vPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hY3Nre6e4W9rbPzg8Kh+fdHSUKELbJOKR6gVYU84kbRtmOO3FimIRcNoNpreZ332iSrNIPphZTH2Bx5KFjGBjpW5VXonLx/qwXHFr7gJonXg5qUCO1rD8NRhFJBFUGsKx1n3PjY2fYmUY4XReGiSaxphM8Zj2LZVYUO2ni3Pn6MIqIxRGypY0aKH+nkix0HomAtspsJnoVS8T//P6iQlv/JTJODFUkuWiMOHIRCj7HY2YosTwmSWYKGZvRWSCFSbGJlSyIXirL6+TTr3muTXvvlFpNvI4inAG51AFD66hCXfQgjYQmMIzvMKbEzsvzrvzsWwtOPnMKfyB8/kD8ZuOmQ==</latexit><latexit sha1_base64="TWBahd38xULrbGJDkC7/D4jZWfI=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahIpTdUtBjwYvHCvYD2rVk02wbmmSXJCuUpT/CiwdFvPp7vPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hY3Nre6e4W9rbPzg8Kh+fdHSUKELbJOKR6gVYU84kbRtmOO3FimIRcNoNpreZ332iSrNIPphZTH2Bx5KFjGBjpW5VXonLx/qwXHFr7gJonXg5qUCO1rD8NRhFJBFUGsKx1n3PjY2fYmUY4XReGiSaxphM8Zj2LZVYUO2ni3Pn6MIqIxRGypY0aKH+nkix0HomAtspsJnoVS8T//P6iQlv/JTJODFUkuWiMOHIRCj7HY2YosTwmSWYKGZvRWSCFSbGJlSyIXirL6+TTr3muTXvvlFpNvI4inAG51AFD66hCXfQgjYQmMIzvMKbEzsvzrvzsWwtOPnMKfyB8/kD8ZuOmQ==</latexit><latexit sha1_base64="TWBahd38xULrbGJDkC7/D4jZWfI=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahIpTdUtBjwYvHCvYD2rVk02wbmmSXJCuUpT/CiwdFvPp7vPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hY3Nre6e4W9rbPzg8Kh+fdHSUKELbJOKR6gVYU84kbRtmOO3FimIRcNoNpreZ332iSrNIPphZTH2Bx5KFjGBjpW5VXonLx/qwXHFr7gJonXg5qUCO1rD8NRhFJBFUGsKx1n3PjY2fYmUY4XReGiSaxphM8Zj2LZVYUO2ni3Pn6MIqIxRGypY0aKH+nkix0HomAtspsJnoVS8T//P6iQlv/JTJODFUkuWiMOHIRCj7HY2YosTwmSWYKGZvRWSCFSbGJlSyIXirL6+TTr3muTXvvlFpNvI4inAG51AFD66hCXfQgjYQmMIzvMKbEzsvzrvzsWwtOPnMKfyB8/kD8ZuOmQ==</latexit><latexit sha1_base64="TWBahd38xULrbGJDkC7/D4jZWfI=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahIpTdUtBjwYvHCvYD2rVk02wbmmSXJCuUpT/CiwdFvPp7vPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hY3Nre6e4W9rbPzg8Kh+fdHSUKELbJOKR6gVYU84kbRtmOO3FimIRcNoNpreZ332iSrNIPphZTH2Bx5KFjGBjpW5VXonLx/qwXHFr7gJonXg5qUCO1rD8NRhFJBFUGsKx1n3PjY2fYmUY4XReGiSaxphM8Zj2LZVYUO2ni3Pn6MIqIxRGypY0aKH+nkix0HomAtspsJnoVS8T//P6iQlv/JTJODFUkuWiMOHIRCj7HY2YosTwmSWYKGZvRWSCFSbGJlSyIXirL6+TTr3muTXvvlFpNvI4inAG51AFD66hCXfQgjYQmMIzvMKbEzsvzrvzsWwtOPnMKfyB8/kD8ZuOmQ==</latexit>

solution: factorize the weight matrix consisting of all 
• each attribute     has a latent vector
• weights are now computed by the dot product

p
<latexit sha1_base64="hRY0154KNmIb9gkzLtr++6H3HVk=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx5bMLbQhrLZTtq1m03Y3Qgl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genj0oJNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8O/PbT6g0T+S9maQYxHQoecQZNVZqpf1qza27c5BV4hWkBgWa/epXb5CwLEZpmKBadz03NUFOleFM4LTSyzSmlI3pELuWShqjDvL5oVNyZpUBiRJlSxoyV39P5DTWehKHtjOmZqSXvZn4n9fNTHQd5FymmUHJFouiTBCTkNnXZMAVMiMmllCmuL2VsBFVlBmbTcWG4C2/vEr8i/pN3Wtd1hpukUYZTuAUzsGDK2jAHTTBBwYIz/AKb86j8+K8Ox+L1pJTzBzDHzifP0MdjLY=</latexit><latexit sha1_base64="hRY0154KNmIb9gkzLtr++6H3HVk=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx5bMLbQhrLZTtq1m03Y3Qgl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genj0oJNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8O/PbT6g0T+S9maQYxHQoecQZNVZqpf1qza27c5BV4hWkBgWa/epXb5CwLEZpmKBadz03NUFOleFM4LTSyzSmlI3pELuWShqjDvL5oVNyZpUBiRJlSxoyV39P5DTWehKHtjOmZqSXvZn4n9fNTHQd5FymmUHJFouiTBCTkNnXZMAVMiMmllCmuL2VsBFVlBmbTcWG4C2/vEr8i/pN3Wtd1hpukUYZTuAUzsGDK2jAHTTBBwYIz/AKb86j8+K8Ox+L1pJTzBzDHzifP0MdjLY=</latexit><latexit sha1_base64="hRY0154KNmIb9gkzLtr++6H3HVk=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx5bMLbQhrLZTtq1m03Y3Qgl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genj0oJNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8O/PbT6g0T+S9maQYxHQoecQZNVZqpf1qza27c5BV4hWkBgWa/epXb5CwLEZpmKBadz03NUFOleFM4LTSyzSmlI3pELuWShqjDvL5oVNyZpUBiRJlSxoyV39P5DTWehKHtjOmZqSXvZn4n9fNTHQd5FymmUHJFouiTBCTkNnXZMAVMiMmllCmuL2VsBFVlBmbTcWG4C2/vEr8i/pN3Wtd1hpukUYZTuAUzsGDK2jAHTTBBwYIz/AKb86j8+K8Ox+L1pJTzBzDHzifP0MdjLY=</latexit><latexit sha1_base64="hRY0154KNmIb9gkzLtr++6H3HVk=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx5bMLbQhrLZTtq1m03Y3Qgl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genj0oJNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8O/PbT6g0T+S9maQYxHQoecQZNVZqpf1qza27c5BV4hWkBgWa/epXb5CwLEZpmKBadz03NUFOleFM4LTSyzSmlI3pELuWShqjDvL5oVNyZpUBiRJlSxoyV39P5DTWehKHtjOmZqSXvZn4n9fNTHQd5FymmUHJFouiTBCTkNnXZMAVMiMmllCmuL2VsBFVlBmbTcWG4C2/vEr8i/pN3Wtd1hpukUYZTuAUzsGDK2jAHTTBBwYIz/AKb86j8+K8Ox+L1pJTzBzDHzifP0MdjLY=</latexit>
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parameters to learn?
• for each feature
• a weight term
• a latent vector       of dimensionality 
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Fig. 1. Example (from Rendle [2010]) for representing a recommender problem with real valued feature
vectors x. Every row represents a feature vector xi with its corresponding target yi. For easier interpreta-
tion, the features are grouped into indicators for the active user (blue), active item (red), other movies rated
by the same user (orange), the time in months (green), and the last movie rated (brown).

where k is the dimensionality of the factorization and the model parameters ! =
{w0, w1, . . . , wp, v1,1, . . . vp,k} are

w0 ∈ R, w ∈ Rp, V ∈ Rp×k. (2)

The first part of the FM model contains the unary interactions of each input variable
x j with the target—exactly as in a linear regression model. The second part with the
two nested sums contains all pairwise interactions of input variables, that is, x j x j ′ .
The important difference to standard polynomial regression is that the effect of the
interaction is not modeled by an independent parameter wj, j but with a factorized
parametrization wj, j ≈ 〈v j, v j ′ 〉 =

∑k
f=1 v j, f v j ′, f which corresponds to the assumption

that the effect of pairwise interactions has a low rank. This allows FMs to estimate re-
liable parameters even in highly sparse data where standard models fail. The relation
of FMs to standard machine-learning models is discussed in more detail in Section 4.3.

In Section 4, it will also be shown how FMs can mimic other well known factoriza-
tion models, including matrix factorization, SVD++, FPMC, timeSVD, etc.

Complexity. Let Nz be the number of nonzero elements in a matrix X or vector x.

Nz(X ) :=
∑

i

∑

j

δ(xi, j '= 0), (3)

where δ is the indicator function

δ(b ) :=
{

1, if b is true
0, if b is false

. (4)

The FM model in Equation (1) can be computed in O(k Nz(x)) because it is equivalent
[Rendle 2010] to

ŷ(x) = w0 +
p∑

j=1

w j x j +
1
2

k∑

f=1








p∑

j=1

v j, f x j




2

−
p∑

j=1

v2
j, f x2

j



 . (5)

The number of model parameters |!| of an FM is 1 + p + k p and thus linear in the
number of predictor variables (= size of the input feature vector) and linear in the size
of the factorization k.
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The number of model parameters |!| of an FM is 1 + p + k p and thus linear in the
number of predictor variables (= size of the input feature vector) and linear in the size
of the factorization k.

ACM Transactions on Intelligent Systems and Technology, Vol. 3, No. 3, Article 57, Publication date: May 2012.

xui
<latexit sha1_base64="CeKHyj8bmpQCSG2stShXKKO2XLM=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmLCiewaE/RG4sUjJi6QwEq6pQuVbrtpu0ay4T948aDGqz/Im//GAntQ8CWTvLw3k5l5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tUEeoTyaXqhFhTzgT1DTOcdhJFcRxy2g7H1zO//UiVZlLcmUlCgxgPBYsYwcZKraf7LGXTfrni1tw50CrxclKBHM1++as3kCSNqTCEY627npuYIMPKMMLptNRLNU0wGeMh7VoqcEx1kM2vnaIzqwxQJJUtYdBc/T2R4VjrSRzazhibkV72ZuJ/Xjc10WWQMZGkhgqyWBSlHBmJZq+jAVOUGD6xBBPF7K2IjLDCxNiASjYEb/nlVeKf165q3u1FpVHN0yjCCZxCFTyoQwNuoAk+EHiAZ3iFN0c6L86787FoLTj5zDH8gfP5A2C8jxw=</latexit><latexit sha1_base64="CeKHyj8bmpQCSG2stShXKKO2XLM=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmLCiewaE/RG4sUjJi6QwEq6pQuVbrtpu0ay4T948aDGqz/Im//GAntQ8CWTvLw3k5l5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tUEeoTyaXqhFhTzgT1DTOcdhJFcRxy2g7H1zO//UiVZlLcmUlCgxgPBYsYwcZKraf7LGXTfrni1tw50CrxclKBHM1++as3kCSNqTCEY627npuYIMPKMMLptNRLNU0wGeMh7VoqcEx1kM2vnaIzqwxQJJUtYdBc/T2R4VjrSRzazhibkV72ZuJ/Xjc10WWQMZGkhgqyWBSlHBmJZq+jAVOUGD6xBBPF7K2IjLDCxNiASjYEb/nlVeKf165q3u1FpVHN0yjCCZxCFTyoQwNuoAk+EHiAZ3iFN0c6L86787FoLTj5zDH8gfP5A2C8jxw=</latexit><latexit sha1_base64="CeKHyj8bmpQCSG2stShXKKO2XLM=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmLCiewaE/RG4sUjJi6QwEq6pQuVbrtpu0ay4T948aDGqz/Im//GAntQ8CWTvLw3k5l5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tUEeoTyaXqhFhTzgT1DTOcdhJFcRxy2g7H1zO//UiVZlLcmUlCgxgPBYsYwcZKraf7LGXTfrni1tw50CrxclKBHM1++as3kCSNqTCEY627npuYIMPKMMLptNRLNU0wGeMh7VoqcEx1kM2vnaIzqwxQJJUtYdBc/T2R4VjrSRzazhibkV72ZuJ/Xjc10WWQMZGkhgqyWBSlHBmJZq+jAVOUGD6xBBPF7K2IjLDCxNiASjYEb/nlVeKf165q3u1FpVHN0yjCCZxCFTyoQwNuoAk+EHiAZ3iFN0c6L86787FoLTj5zDH8gfP5A2C8jxw=</latexit><latexit sha1_base64="CeKHyj8bmpQCSG2stShXKKO2XLM=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmLCiewaE/RG4sUjJi6QwEq6pQuVbrtpu0ay4T948aDGqz/Im//GAntQ8CWTvLw3k5l5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tUEeoTyaXqhFhTzgT1DTOcdhJFcRxy2g7H1zO//UiVZlLcmUlCgxgPBYsYwcZKraf7LGXTfrni1tw50CrxclKBHM1++as3kCSNqTCEY627npuYIMPKMMLptNRLNU0wGeMh7VoqcEx1kM2vnaIzqwxQJJUtYdBc/T2R4VjrSRzazhibkV72ZuJ/Xjc10WWQMZGkhgqyWBSlHBmJZq+jAVOUGD6xBBPF7K2IjLDCxNiASjYEb/nlVeKf165q3u1FpVHN0yjCCZxCFTyoQwNuoAk+EHiAZ3iFN0c6L86787FoLTj5zDH8gfP5A2C8jxw=</latexit>

rui
<latexit sha1_base64="3h3u3eOSDABYQ99D7/g35x8/org=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoN4CXjxGcJNAsoTZyWwyZnZmmYcQlvyDFw8qXv0gb/6Nk2QPmljQUFR1090VZ5xp4/vfXmltfWNzq7xd2dnd2z+oHh61tLSK0JBILlUnxppyJmhomOG0kymK05jTdjy+nfntJ6o0k+LBTDIapXgoWMIINk5qqX5u2bRfrfl1fw60SoKC1KBAs1/96g0ksSkVhnCsdTfwMxPlWBlGOJ1WelbTDJMxHtKuowKnVEf5/NopOnPKACVSuRIGzdXfEzlOtZ6ksetMsRnpZW8m/ud1rUmuo5yJzBoqyGJRYjkyEs1eRwOmKDF84ggmirlbERlhhYlxAVVcCMHyy6skvKjf1IP7y1rDL9IowwmcwjkEcAUNuIMmhEDgEZ7hFd486b14797HorXkFTPH8Afe5w9be48f</latexit><latexit sha1_base64="3h3u3eOSDABYQ99D7/g35x8/org=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoN4CXjxGcJNAsoTZyWwyZnZmmYcQlvyDFw8qXv0gb/6Nk2QPmljQUFR1090VZ5xp4/vfXmltfWNzq7xd2dnd2z+oHh61tLSK0JBILlUnxppyJmhomOG0kymK05jTdjy+nfntJ6o0k+LBTDIapXgoWMIINk5qqX5u2bRfrfl1fw60SoKC1KBAs1/96g0ksSkVhnCsdTfwMxPlWBlGOJ1WelbTDJMxHtKuowKnVEf5/NopOnPKACVSuRIGzdXfEzlOtZ6ksetMsRnpZW8m/ud1rUmuo5yJzBoqyGJRYjkyEs1eRwOmKDF84ggmirlbERlhhYlxAVVcCMHyy6skvKjf1IP7y1rDL9IowwmcwjkEcAUNuIMmhEDgEZ7hFd486b14797HorXkFTPH8Afe5w9be48f</latexit><latexit sha1_base64="3h3u3eOSDABYQ99D7/g35x8/org=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoN4CXjxGcJNAsoTZyWwyZnZmmYcQlvyDFw8qXv0gb/6Nk2QPmljQUFR1090VZ5xp4/vfXmltfWNzq7xd2dnd2z+oHh61tLSK0JBILlUnxppyJmhomOG0kymK05jTdjy+nfntJ6o0k+LBTDIapXgoWMIINk5qqX5u2bRfrfl1fw60SoKC1KBAs1/96g0ksSkVhnCsdTfwMxPlWBlGOJ1WelbTDJMxHtKuowKnVEf5/NopOnPKACVSuRIGzdXfEzlOtZ6ksetMsRnpZW8m/ud1rUmuo5yJzBoqyGJRYjkyEs1eRwOmKDF84ggmirlbERlhhYlxAVVcCMHyy6skvKjf1IP7y1rDL9IowwmcwjkEcAUNuIMmhEDgEZ7hFd486b14797HorXkFTPH8Afe5w9be48f</latexit><latexit sha1_base64="3h3u3eOSDABYQ99D7/g35x8/org=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoN4CXjxGcJNAsoTZyWwyZnZmmYcQlvyDFw8qXv0gb/6Nk2QPmljQUFR1090VZ5xp4/vfXmltfWNzq7xd2dnd2z+oHh61tLSK0JBILlUnxppyJmhomOG0kymK05jTdjy+nfntJ6o0k+LBTDIapXgoWMIINk5qqX5u2bRfrfl1fw60SoKC1KBAs1/96g0ksSkVhnCsdTfwMxPlWBlGOJ1WelbTDJMxHtKuowKnVEf5/NopOnPKACVSuRIGzdXfEzlOtZ6ksetMsRnpZW8m/ud1rUmuo5yJzBoqyGJRYjkyEs1eRwOmKDF84ggmirlbERlhhYlxAVVcCMHyy6skvKjf1IP7y1rDL9IowwmcwjkEcAUNuIMmhEDgEZ7hFd486b14797HorXkFTPH8Afe5w9be48f</latexit>

p
<latexit sha1_base64="hRY0154KNmIb9gkzLtr++6H3HVk=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx5bMLbQhrLZTtq1m03Y3Qgl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genj0oJNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8O/PbT6g0T+S9maQYxHQoecQZNVZqpf1qza27c5BV4hWkBgWa/epXb5CwLEZpmKBadz03NUFOleFM4LTSyzSmlI3pELuWShqjDvL5oVNyZpUBiRJlSxoyV39P5DTWehKHtjOmZqSXvZn4n9fNTHQd5FymmUHJFouiTBCTkNnXZMAVMiMmllCmuL2VsBFVlBmbTcWG4C2/vEr8i/pN3Wtd1hpukUYZTuAUzsGDK2jAHTTBBwYIz/AKb86j8+K8Ox+L1pJTzBzDHzifP0MdjLY=</latexit><latexit sha1_base64="hRY0154KNmIb9gkzLtr++6H3HVk=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx5bMLbQhrLZTtq1m03Y3Qgl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genj0oJNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8O/PbT6g0T+S9maQYxHQoecQZNVZqpf1qza27c5BV4hWkBgWa/epXb5CwLEZpmKBadz03NUFOleFM4LTSyzSmlI3pELuWShqjDvL5oVNyZpUBiRJlSxoyV39P5DTWehKHtjOmZqSXvZn4n9fNTHQd5FymmUHJFouiTBCTkNnXZMAVMiMmllCmuL2VsBFVlBmbTcWG4C2/vEr8i/pN3Wtd1hpukUYZTuAUzsGDK2jAHTTBBwYIz/AKb86j8+K8Ox+L1pJTzBzDHzifP0MdjLY=</latexit><latexit sha1_base64="hRY0154KNmIb9gkzLtr++6H3HVk=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx5bMLbQhrLZTtq1m03Y3Qgl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genj0oJNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8O/PbT6g0T+S9maQYxHQoecQZNVZqpf1qza27c5BV4hWkBgWa/epXb5CwLEZpmKBadz03NUFOleFM4LTSyzSmlI3pELuWShqjDvL5oVNyZpUBiRJlSxoyV39P5DTWehKHtjOmZqSXvZn4n9fNTHQd5FymmUHJFouiTBCTkNnXZMAVMiMmllCmuL2VsBFVlBmbTcWG4C2/vEr8i/pN3Wtd1hpukUYZTuAUzsGDK2jAHTTBBwYIz/AKb86j8+K8Ox+L1pJTzBzDHzifP0MdjLY=</latexit><latexit sha1_base64="hRY0154KNmIb9gkzLtr++6H3HVk=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx5bMLbQhrLZTtq1m03Y3Qgl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genj0oJNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8O/PbT6g0T+S9maQYxHQoecQZNVZqpf1qza27c5BV4hWkBgWa/epXb5CwLEZpmKBadz03NUFOleFM4LTSyzSmlI3pELuWShqjDvL5oVNyZpUBiRJlSxoyV39P5DTWehKHtjOmZqSXvZn4n9fNTHQd5FymmUHJFouiTBCTkNnXZMAVMiMmllCmuL2VsBFVlBmbTcWG4C2/vEr8i/pN3Wtd1hpukUYZTuAUzsGDK2jAHTTBBwYIz/AKb86j8+K8Ox+L1pJTzBzDHzifP0MdjLY=</latexit>

vp
<latexit sha1_base64="S2eW3VIz5B261Ne0e7oD3BlrD4I=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx4rGltoQ9lsJ+3SzSbsbgol9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genj0pJNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0O/NbY1SaJ/LRTFIMYjqQPOKMGis9jHtpr1pz6+4cZJV4BalBgWav+tXtJyyLURomqNYdz01NkFNlOBM4rXQzjSllIzrAjqWSxqiDfH7qlJxZpU+iRNmShszV3xM5jbWexKHtjKkZ6mVvJv7ndTITXQc5l2lmULLFoigTxCRk9jfpc4XMiIkllClubyVsSBVlxqZTsSF4yy+vEv+iflP37i9rDbdIowwncArn4MEVNOAOmuADgwE8wyu8OcJ5cd6dj0VrySlmjuEPnM8f0D6Nnw==</latexit><latexit sha1_base64="S2eW3VIz5B261Ne0e7oD3BlrD4I=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx4rGltoQ9lsJ+3SzSbsbgol9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genj0pJNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0O/NbY1SaJ/LRTFIMYjqQPOKMGis9jHtpr1pz6+4cZJV4BalBgWav+tXtJyyLURomqNYdz01NkFNlOBM4rXQzjSllIzrAjqWSxqiDfH7qlJxZpU+iRNmShszV3xM5jbWexKHtjKkZ6mVvJv7ndTITXQc5l2lmULLFoigTxCRk9jfpc4XMiIkllClubyVsSBVlxqZTsSF4yy+vEv+iflP37i9rDbdIowwncArn4MEVNOAOmuADgwE8wyu8OcJ5cd6dj0VrySlmjuEPnM8f0D6Nnw==</latexit><latexit sha1_base64="S2eW3VIz5B261Ne0e7oD3BlrD4I=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx4rGltoQ9lsJ+3SzSbsbgol9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genj0pJNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0O/NbY1SaJ/LRTFIMYjqQPOKMGis9jHtpr1pz6+4cZJV4BalBgWav+tXtJyyLURomqNYdz01NkFNlOBM4rXQzjSllIzrAjqWSxqiDfH7qlJxZpU+iRNmShszV3xM5jbWexKHtjKkZ6mVvJv7ndTITXQc5l2lmULLFoigTxCRk9jfpc4XMiIkllClubyVsSBVlxqZTsSF4yy+vEv+iflP37i9rDbdIowwncArn4MEVNOAOmuADgwE8wyu8OcJ5cd6dj0VrySlmjuEPnM8f0D6Nnw==</latexit><latexit sha1_base64="S2eW3VIz5B261Ne0e7oD3BlrD4I=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx4rGltoQ9lsJ+3SzSbsbgol9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genj0pJNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0O/NbY1SaJ/LRTFIMYjqQPOKMGis9jHtpr1pz6+4cZJV4BalBgWav+tXtJyyLURomqNYdz01NkFNlOBM4rXQzjSllIzrAjqWSxqiDfH7qlJxZpU+iRNmShszV3xM5jbWexKHtjKkZ6mVvJv7ndTITXQc5l2lmULLFoigTxCRk9jfpc4XMiIkllClubyVsSBVlxqZTsSF4yy+vEv+iflP37i9rDbdIowwncArn4MEVNOAOmuADgwE8wyu8OcJ5cd6dj0VrySlmjuEPnM8f0D6Nnw==</latexit>
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<latexit sha1_base64="u+9kf2pOHwWIvKz2vWlnib/QFKA="></latexit><latexit sha1_base64="u+9kf2pOHwWIvKz2vWlnib/QFKA="></latexit><latexit sha1_base64="u+9kf2pOHwWIvKz2vWlnib/QFKA="></latexit><latexit sha1_base64="u+9kf2pOHwWIvKz2vWlnib/QFKA="></latexit>

wpp0 = v|pvp0
<latexit sha1_base64="MU6w6qeddnidcexs9OuNvf4ueoM=">AAACKXicbVBLSwMxGJz1Weur6km8BIvgqexKQS+C4MVjBatCW0s2TTWYzYYkq5Slf8eLf8WLgqJe/SOmdQ++Bj4YZuYj+SbWUlgXhm/BxOTU9Mxsaa48v7C4tFxZWT21aWYYb7JUpuY8ppZLoXjTCSf5uTacJrHkZ/H14cg/u+HGilSduIHmnYReKtEXjDovpRWCW3SRQ0OTdQxBsO/nxmsaF2hDQMGBw4CBQhZeXqTLKHcr1bAWjkH+kqggVRRodCtP7V7KsoQrxyS1thWF2nVyapxgkg/L7cxyTdk1veQtTxVNuO3k40uHZMsrPdJPjR/lyFj9vpHTxNpBEvtkQt2V/e2NxP+8Vub6e51cKJ05rtjXQ/1MEpeSUW2kJwxnTg48ocwI/1fCrqihzPlyRyVEv0/+S053alFYi47r1YN6UUcJG9jENiLs4gBHaKDpi77DA57xEtwHj8Fr8P4VnQiKnTX8QPDxCWCZmmw=</latexit><latexit sha1_base64="MU6w6qeddnidcexs9OuNvf4ueoM=">AAACKXicbVBLSwMxGJz1Weur6km8BIvgqexKQS+C4MVjBatCW0s2TTWYzYYkq5Slf8eLf8WLgqJe/SOmdQ++Bj4YZuYj+SbWUlgXhm/BxOTU9Mxsaa48v7C4tFxZWT21aWYYb7JUpuY8ppZLoXjTCSf5uTacJrHkZ/H14cg/u+HGilSduIHmnYReKtEXjDovpRWCW3SRQ0OTdQxBsO/nxmsaF2hDQMGBw4CBQhZeXqTLKHcr1bAWjkH+kqggVRRodCtP7V7KsoQrxyS1thWF2nVyapxgkg/L7cxyTdk1veQtTxVNuO3k40uHZMsrPdJPjR/lyFj9vpHTxNpBEvtkQt2V/e2NxP+8Vub6e51cKJ05rtjXQ/1MEpeSUW2kJwxnTg48ocwI/1fCrqihzPlyRyVEv0/+S053alFYi47r1YN6UUcJG9jENiLs4gBHaKDpi77DA57xEtwHj8Fr8P4VnQiKnTX8QPDxCWCZmmw=</latexit><latexit sha1_base64="MU6w6qeddnidcexs9OuNvf4ueoM=">AAACKXicbVBLSwMxGJz1Weur6km8BIvgqexKQS+C4MVjBatCW0s2TTWYzYYkq5Slf8eLf8WLgqJe/SOmdQ++Bj4YZuYj+SbWUlgXhm/BxOTU9Mxsaa48v7C4tFxZWT21aWYYb7JUpuY8ppZLoXjTCSf5uTacJrHkZ/H14cg/u+HGilSduIHmnYReKtEXjDovpRWCW3SRQ0OTdQxBsO/nxmsaF2hDQMGBw4CBQhZeXqTLKHcr1bAWjkH+kqggVRRodCtP7V7KsoQrxyS1thWF2nVyapxgkg/L7cxyTdk1veQtTxVNuO3k40uHZMsrPdJPjR/lyFj9vpHTxNpBEvtkQt2V/e2NxP+8Vub6e51cKJ05rtjXQ/1MEpeSUW2kJwxnTg48ocwI/1fCrqihzPlyRyVEv0/+S053alFYi47r1YN6UUcJG9jENiLs4gBHaKDpi77DA57xEtwHj8Fr8P4VnQiKnTX8QPDxCWCZmmw=</latexit><latexit sha1_base64="MU6w6qeddnidcexs9OuNvf4ueoM=">AAACKXicbVBLSwMxGJz1Weur6km8BIvgqexKQS+C4MVjBatCW0s2TTWYzYYkq5Slf8eLf8WLgqJe/SOmdQ++Bj4YZuYj+SbWUlgXhm/BxOTU9Mxsaa48v7C4tFxZWT21aWYYb7JUpuY8ppZLoXjTCSf5uTacJrHkZ/H14cg/u+HGilSduIHmnYReKtEXjDovpRWCW3SRQ0OTdQxBsO/nxmsaF2hDQMGBw4CBQhZeXqTLKHcr1bAWjkH+kqggVRRodCtP7V7KsoQrxyS1thWF2nVyapxgkg/L7cxyTdk1veQtTxVNuO3k40uHZMsrPdJPjR/lyFj9vpHTxNpBEvtkQt2V/e2NxP+8Vub6e51cKJ05rtjXQ/1MEpeSUW2kJwxnTg48ocwI/1fCrqihzPlyRyVEv0/+S053alFYi47r1YN6UUcJG9jENiLs4gBHaKDpi77DA57xEtwHj8Fr8P4VnQiKnTX8QPDxCWCZmmw=</latexit>

where

wp
<latexit sha1_base64="MUFLlE4ftuQ5Kzb3eFAxZLsoqDI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx4rGltoQ9lsJ+3SzSbsbpQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T940EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6nvqtR1SaJ/LejFMMYjqQPOKMGivdPfXSXrXm1t0ZyDLxClKDAs1e9avbT1gWozRMUK07npuaIKfKcCZwUulmGlPKRnSAHUsljVEH+ezUCTmxSp9EibIlDZmpvydyGms9jkPbGVMz1IveVPzP62QmugxyLtPMoGTzRVEmiEnI9G/S5wqZEWNLKFPc3krYkCrKjE2nYkPwFl9eJv5Z/aru3Z7XGm6RRhmO4BhOwYMLaMANNMEHBgN4hld4c4Tz4rw7H/PWklPMHMIfOJ8/0cONoA==</latexit><latexit sha1_base64="MUFLlE4ftuQ5Kzb3eFAxZLsoqDI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx4rGltoQ9lsJ+3SzSbsbpQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T940EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6nvqtR1SaJ/LejFMMYjqQPOKMGivdPfXSXrXm1t0ZyDLxClKDAs1e9avbT1gWozRMUK07npuaIKfKcCZwUulmGlPKRnSAHUsljVEH+ezUCTmxSp9EibIlDZmpvydyGms9jkPbGVMz1IveVPzP62QmugxyLtPMoGTzRVEmiEnI9G/S5wqZEWNLKFPc3krYkCrKjE2nYkPwFl9eJv5Z/aru3Z7XGm6RRhmO4BhOwYMLaMANNMEHBgN4hld4c4Tz4rw7H/PWklPMHMIfOJ8/0cONoA==</latexit><latexit sha1_base64="MUFLlE4ftuQ5Kzb3eFAxZLsoqDI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx4rGltoQ9lsJ+3SzSbsbpQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T940EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6nvqtR1SaJ/LejFMMYjqQPOKMGivdPfXSXrXm1t0ZyDLxClKDAs1e9avbT1gWozRMUK07npuaIKfKcCZwUulmGlPKRnSAHUsljVEH+ezUCTmxSp9EibIlDZmpvydyGms9jkPbGVMz1IveVPzP62QmugxyLtPMoGTzRVEmiEnI9G/S5wqZEWNLKFPc3krYkCrKjE2nYkPwFl9eJv5Z/aru3Z7XGm6RRhmO4BhOwYMLaMANNMEHBgN4hld4c4Tz4rw7H/PWklPMHMIfOJ8/0cONoA==</latexit><latexit sha1_base64="MUFLlE4ftuQ5Kzb3eFAxZLsoqDI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx4rGltoQ9lsJ+3SzSbsbpQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T940EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6nvqtR1SaJ/LejFMMYjqQPOKMGivdPfXSXrXm1t0ZyDLxClKDAs1e9avbT1gWozRMUK07npuaIKfKcCZwUulmGlPKRnSAHUsljVEH+ezUCTmxSp9EibIlDZmpvydyGms9jkPbGVMz1IveVPzP62QmugxyLtPMoGTzRVEmiEnI9G/S5wqZEWNLKFPc3krYkCrKjE2nYkPwFl9eJv5Z/aru3Z7XGm6RRhmO4BhOwYMLaMANNMEHBgN4hld4c4Tz4rw7H/PWklPMHMIfOJ8/0cONoA==</latexit>

k
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Fig. 1. Example (from Rendle [2010]) for representing a recommender problem with real valued feature
vectors x. Every row represents a feature vector xi with its corresponding target yi. For easier interpreta-
tion, the features are grouped into indicators for the active user (blue), active item (red), other movies rated
by the same user (orange), the time in months (green), and the last movie rated (brown).

where k is the dimensionality of the factorization and the model parameters ! =
{w0, w1, . . . , wp, v1,1, . . . vp,k} are

w0 ∈ R, w ∈ Rp, V ∈ Rp×k. (2)

The first part of the FM model contains the unary interactions of each input variable
x j with the target—exactly as in a linear regression model. The second part with the
two nested sums contains all pairwise interactions of input variables, that is, x j x j ′ .
The important difference to standard polynomial regression is that the effect of the
interaction is not modeled by an independent parameter wj, j but with a factorized
parametrization wj, j ≈ 〈v j, v j ′ 〉 =

∑k
f=1 v j, f v j ′, f which corresponds to the assumption

that the effect of pairwise interactions has a low rank. This allows FMs to estimate re-
liable parameters even in highly sparse data where standard models fail. The relation
of FMs to standard machine-learning models is discussed in more detail in Section 4.3.

In Section 4, it will also be shown how FMs can mimic other well known factoriza-
tion models, including matrix factorization, SVD++, FPMC, timeSVD, etc.

Complexity. Let Nz be the number of nonzero elements in a matrix X or vector x.

Nz(X ) :=
∑

i

∑

j

δ(xi, j '= 0), (3)

where δ is the indicator function

δ(b ) :=
{

1, if b is true
0, if b is false

. (4)

The FM model in Equation (1) can be computed in O(k Nz(x)) because it is equivalent
[Rendle 2010] to

ŷ(x) = w0 +
p∑

j=1

w j x j +
1
2

k∑

f=1








p∑

j=1

v j, f x j




2

−
p∑

j=1

v2
j, f x2

j



 . (5)

The number of model parameters |!| of an FM is 1 + p + k p and thus linear in the
number of predictor variables (= size of the input feature vector) and linear in the size
of the factorization k.
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Fig. 1. Example (from Rendle [2010]) for representing a recommender problem with real valued feature
vectors x. Every row represents a feature vector xi with its corresponding target yi. For easier interpreta-
tion, the features are grouped into indicators for the active user (blue), active item (red), other movies rated
by the same user (orange), the time in months (green), and the last movie rated (brown).

where k is the dimensionality of the factorization and the model parameters ! =
{w0, w1, . . . , wp, v1,1, . . . vp,k} are

w0 ∈ R, w ∈ Rp, V ∈ Rp×k. (2)

The first part of the FM model contains the unary interactions of each input variable
x j with the target—exactly as in a linear regression model. The second part with the
two nested sums contains all pairwise interactions of input variables, that is, x j x j ′ .
The important difference to standard polynomial regression is that the effect of the
interaction is not modeled by an independent parameter wj, j but with a factorized
parametrization wj, j ≈ 〈v j, v j ′ 〉 =

∑k
f=1 v j, f v j ′, f which corresponds to the assumption

that the effect of pairwise interactions has a low rank. This allows FMs to estimate re-
liable parameters even in highly sparse data where standard models fail. The relation
of FMs to standard machine-learning models is discussed in more detail in Section 4.3.

In Section 4, it will also be shown how FMs can mimic other well known factoriza-
tion models, including matrix factorization, SVD++, FPMC, timeSVD, etc.

Complexity. Let Nz be the number of nonzero elements in a matrix X or vector x.

Nz(X ) :=
∑

i

∑

j

δ(xi, j '= 0), (3)

where δ is the indicator function

δ(b ) :=
{

1, if b is true
0, if b is false

. (4)

The FM model in Equation (1) can be computed in O(k Nz(x)) because it is equivalent
[Rendle 2010] to

ŷ(x) = w0 +
p∑

j=1

w j x j +
1
2

k∑

f=1








p∑

j=1

v j, f x j




2

−
p∑

j=1

v2
j, f x2

j



 . (5)

The number of model parameters |!| of an FM is 1 + p + k p and thus linear in the
number of predictor variables (= size of the input feature vector) and linear in the size
of the factorization k.
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In Section 4, it will also be shown how FMs can mimic other well known factoriza-
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The number of model parameters |!| of an FM is 1 + p + k p and thus linear in the
number of predictor variables (= size of the input feature vector) and linear in the size
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Fig. 1. Example (from Rendle [2010]) for representing a recommender problem with real valued feature
vectors x. Every row represents a feature vector xi with its corresponding target yi. For easier interpreta-
tion, the features are grouped into indicators for the active user (blue), active item (red), other movies rated
by the same user (orange), the time in months (green), and the last movie rated (brown).

where k is the dimensionality of the factorization and the model parameters ! =
{w0, w1, . . . , wp, v1,1, . . . vp,k} are

w0 ∈ R, w ∈ Rp, V ∈ Rp×k. (2)

The first part of the FM model contains the unary interactions of each input variable
x j with the target—exactly as in a linear regression model. The second part with the
two nested sums contains all pairwise interactions of input variables, that is, x j x j ′ .
The important difference to standard polynomial regression is that the effect of the
interaction is not modeled by an independent parameter wj, j but with a factorized
parametrization wj, j ≈ 〈v j, v j ′ 〉 =

∑k
f=1 v j, f v j ′, f which corresponds to the assumption

that the effect of pairwise interactions has a low rank. This allows FMs to estimate re-
liable parameters even in highly sparse data where standard models fail. The relation
of FMs to standard machine-learning models is discussed in more detail in Section 4.3.

In Section 4, it will also be shown how FMs can mimic other well known factoriza-
tion models, including matrix factorization, SVD++, FPMC, timeSVD, etc.

Complexity. Let Nz be the number of nonzero elements in a matrix X or vector x.

Nz(X ) :=
∑

i

∑

j

δ(xi, j '= 0), (3)

where δ is the indicator function

δ(b ) :=
{

1, if b is true
0, if b is false

. (4)

The FM model in Equation (1) can be computed in O(k Nz(x)) because it is equivalent
[Rendle 2010] to

ŷ(x) = w0 +
p∑

j=1

w j x j +
1
2

k∑

f=1








p∑

j=1

v j, f x j




2

−
p∑

j=1

v2
j, f x2

j



 . (5)

The number of model parameters |!| of an FM is 1 + p + k p and thus linear in the
number of predictor variables (= size of the input feature vector) and linear in the size
of the factorization k.

ACM Transactions on Intelligent Systems and Technology, Vol. 3, No. 3, Article 57, Publication date: May 2012.

Factorization Machines with libFM 57:3

Fig. 1. Example (from Rendle [2010]) for representing a recommender problem with real valued feature
vectors x. Every row represents a feature vector xi with its corresponding target yi. For easier interpreta-
tion, the features are grouped into indicators for the active user (blue), active item (red), other movies rated
by the same user (orange), the time in months (green), and the last movie rated (brown).

where k is the dimensionality of the factorization and the model parameters ! =
{w0, w1, . . . , wp, v1,1, . . . vp,k} are

w0 ∈ R, w ∈ Rp, V ∈ Rp×k. (2)

The first part of the FM model contains the unary interactions of each input variable
x j with the target—exactly as in a linear regression model. The second part with the
two nested sums contains all pairwise interactions of input variables, that is, x j x j ′ .
The important difference to standard polynomial regression is that the effect of the
interaction is not modeled by an independent parameter wj, j but with a factorized
parametrization wj, j ≈ 〈v j, v j ′ 〉 =

∑k
f=1 v j, f v j ′, f which corresponds to the assumption

that the effect of pairwise interactions has a low rank. This allows FMs to estimate re-
liable parameters even in highly sparse data where standard models fail. The relation
of FMs to standard machine-learning models is discussed in more detail in Section 4.3.

In Section 4, it will also be shown how FMs can mimic other well known factoriza-
tion models, including matrix factorization, SVD++, FPMC, timeSVD, etc.

Complexity. Let Nz be the number of nonzero elements in a matrix X or vector x.

Nz(X ) :=
∑

i

∑

j

δ(xi, j '= 0), (3)

where δ is the indicator function

δ(b ) :=
{

1, if b is true
0, if b is false

. (4)

The FM model in Equation (1) can be computed in O(k Nz(x)) because it is equivalent
[Rendle 2010] to
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Fig. 1. Example (from Rendle [2010]) for representing a recommender problem with real valued feature
vectors x. Every row represents a feature vector xi with its corresponding target yi. For easier interpreta-
tion, the features are grouped into indicators for the active user (blue), active item (red), other movies rated
by the same user (orange), the time in months (green), and the last movie rated (brown).

where k is the dimensionality of the factorization and the model parameters ! =
{w0, w1, . . . , wp, v1,1, . . . vp,k} are

w0 ∈ R, w ∈ Rp, V ∈ Rp×k. (2)

The first part of the FM model contains the unary interactions of each input variable
x j with the target—exactly as in a linear regression model. The second part with the
two nested sums contains all pairwise interactions of input variables, that is, x j x j ′ .
The important difference to standard polynomial regression is that the effect of the
interaction is not modeled by an independent parameter wj, j but with a factorized
parametrization wj, j ≈ 〈v j, v j ′ 〉 =

∑k
f=1 v j, f v j ′, f which corresponds to the assumption

that the effect of pairwise interactions has a low rank. This allows FMs to estimate re-
liable parameters even in highly sparse data where standard models fail. The relation
of FMs to standard machine-learning models is discussed in more detail in Section 4.3.

In Section 4, it will also be shown how FMs can mimic other well known factoriza-
tion models, including matrix factorization, SVD++, FPMC, timeSVD, etc.

Complexity. Let Nz be the number of nonzero elements in a matrix X or vector x.

Nz(X ) :=
∑

i

∑

j

δ(xi, j '= 0), (3)

where δ is the indicator function

δ(b ) :=
{

1, if b is true
0, if b is false

. (4)

The FM model in Equation (1) can be computed in O(k Nz(x)) because it is equivalent
[Rendle 2010] to

ŷ(x) = w0 +
p∑

j=1

w j x j +
1
2

k∑

f=1








p∑

j=1

v j, f x j




2

−
p∑

j=1

v2
j, f x2

j



 . (5)

The number of model parameters |!| of an FM is 1 + p + k p and thus linear in the
number of predictor variables (= size of the input feature vector) and linear in the size
of the factorization k.
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<latexit sha1_base64="FYWyzPouksIo+jz3752ybe5wNVc=">AAACAHicbVBNS8NAEJ34WetX1IMHL4tFqJeSSEGPBS+epIL9gDaUzXbTLt1s4u5GKGku/hUvHhTx6s/w5r9x2+agrQ8GHu/NMDPPjzlT2nG+rZXVtfWNzcJWcXtnd2/fPjhsqiiRhDZIxCPZ9rGinAna0Exz2o4lxaHPacsfXU/91iOVikXiXo9j6oV4IFjACNZG6tnH3UBikrpZ2lUPUqeT23JyPsmynl1yKs4MaJm4OSlBjnrP/ur2I5KEVGjCsVId14m1l2KpGeE0K3YTRWNMRnhAO4YKHFLlpbMHMnRmlD4KImlKaDRTf0+kOFRqHPqmM8R6qBa9qfif10l0cOWlTMSJpoLMFwUJRzpC0zRQn0lKNB8bgolk5lZEhtgkok1mRROCu/jyMmleVFyn4t5VS7VqHkcBTuAUyuDCJdTgBurQAAIZPMMrvFlP1ov1bn3MW1esfOYI/sD6/AFCfpbG</latexit><latexit sha1_base64="FYWyzPouksIo+jz3752ybe5wNVc=">AAACAHicbVBNS8NAEJ34WetX1IMHL4tFqJeSSEGPBS+epIL9gDaUzXbTLt1s4u5GKGku/hUvHhTx6s/w5r9x2+agrQ8GHu/NMDPPjzlT2nG+rZXVtfWNzcJWcXtnd2/fPjhsqiiRhDZIxCPZ9rGinAna0Exz2o4lxaHPacsfXU/91iOVikXiXo9j6oV4IFjACNZG6tnH3UBikrpZ2lUPUqeT23JyPsmynl1yKs4MaJm4OSlBjnrP/ur2I5KEVGjCsVId14m1l2KpGeE0K3YTRWNMRnhAO4YKHFLlpbMHMnRmlD4KImlKaDRTf0+kOFRqHPqmM8R6qBa9qfif10l0cOWlTMSJpoLMFwUJRzpC0zRQn0lKNB8bgolk5lZEhtgkok1mRROCu/jyMmleVFyn4t5VS7VqHkcBTuAUyuDCJdTgBurQAAIZPMMrvFlP1ov1bn3MW1esfOYI/sD6/AFCfpbG</latexit><latexit sha1_base64="FYWyzPouksIo+jz3752ybe5wNVc=">AAACAHicbVBNS8NAEJ34WetX1IMHL4tFqJeSSEGPBS+epIL9gDaUzXbTLt1s4u5GKGku/hUvHhTx6s/w5r9x2+agrQ8GHu/NMDPPjzlT2nG+rZXVtfWNzcJWcXtnd2/fPjhsqiiRhDZIxCPZ9rGinAna0Exz2o4lxaHPacsfXU/91iOVikXiXo9j6oV4IFjACNZG6tnH3UBikrpZ2lUPUqeT23JyPsmynl1yKs4MaJm4OSlBjnrP/ur2I5KEVGjCsVId14m1l2KpGeE0K3YTRWNMRnhAO4YKHFLlpbMHMnRmlD4KImlKaDRTf0+kOFRqHPqmM8R6qBa9qfif10l0cOWlTMSJpoLMFwUJRzpC0zRQn0lKNB8bgolk5lZEhtgkok1mRROCu/jyMmleVFyn4t5VS7VqHkcBTuAUyuDCJdTgBurQAAIZPMMrvFlP1ov1bn3MW1esfOYI/sD6/AFCfpbG</latexit><latexit sha1_base64="FYWyzPouksIo+jz3752ybe5wNVc=">AAACAHicbVBNS8NAEJ34WetX1IMHL4tFqJeSSEGPBS+epIL9gDaUzXbTLt1s4u5GKGku/hUvHhTx6s/w5r9x2+agrQ8GHu/NMDPPjzlT2nG+rZXVtfWNzcJWcXtnd2/fPjhsqiiRhDZIxCPZ9rGinAna0Exz2o4lxaHPacsfXU/91iOVikXiXo9j6oV4IFjACNZG6tnH3UBikrpZ2lUPUqeT23JyPsmynl1yKs4MaJm4OSlBjnrP/ur2I5KEVGjCsVId14m1l2KpGeE0K3YTRWNMRnhAO4YKHFLlpbMHMnRmlD4KImlKaDRTf0+kOFRqHPqmM8R6qBa9qfif10l0cOWlTMSJpoLMFwUJRzpC0zRQn0lKNB8bgolk5lZEhtgkok1mRROCu/jyMmleVFyn4t5VS7VqHkcBTuAUyuDCJdTgBurQAAIZPMMrvFlP1ov1bn3MW1esfOYI/sD6/AFCfpbG</latexit>

1p
|N(u)|

<latexit sha1_base64="FYWyzPouksIo+jz3752ybe5wNVc=">AAACAHicbVBNS8NAEJ34WetX1IMHL4tFqJeSSEGPBS+epIL9gDaUzXbTLt1s4u5GKGku/hUvHhTx6s/w5r9x2+agrQ8GHu/NMDPPjzlT2nG+rZXVtfWNzcJWcXtnd2/fPjhsqiiRhDZIxCPZ9rGinAna0Exz2o4lxaHPacsfXU/91iOVikXiXo9j6oV4IFjACNZG6tnH3UBikrpZ2lUPUqeT23JyPsmynl1yKs4MaJm4OSlBjnrP/ur2I5KEVGjCsVId14m1l2KpGeE0K3YTRWNMRnhAO4YKHFLlpbMHMnRmlD4KImlKaDRTf0+kOFRqHPqmM8R6qBa9qfif10l0cOWlTMSJpoLMFwUJRzpC0zRQn0lKNB8bgolk5lZEhtgkok1mRROCu/jyMmleVFyn4t5VS7VqHkcBTuAUyuDCJdTgBurQAAIZPMMrvFlP1ov1bn3MW1esfOYI/sD6/AFCfpbG</latexit><latexit sha1_base64="FYWyzPouksIo+jz3752ybe5wNVc=">AAACAHicbVBNS8NAEJ34WetX1IMHL4tFqJeSSEGPBS+epIL9gDaUzXbTLt1s4u5GKGku/hUvHhTx6s/w5r9x2+agrQ8GHu/NMDPPjzlT2nG+rZXVtfWNzcJWcXtnd2/fPjhsqiiRhDZIxCPZ9rGinAna0Exz2o4lxaHPacsfXU/91iOVikXiXo9j6oV4IFjACNZG6tnH3UBikrpZ2lUPUqeT23JyPsmynl1yKs4MaJm4OSlBjnrP/ur2I5KEVGjCsVId14m1l2KpGeE0K3YTRWNMRnhAO4YKHFLlpbMHMnRmlD4KImlKaDRTf0+kOFRqHPqmM8R6qBa9qfif10l0cOWlTMSJpoLMFwUJRzpC0zRQn0lKNB8bgolk5lZEhtgkok1mRROCu/jyMmleVFyn4t5VS7VqHkcBTuAUyuDCJdTgBurQAAIZPMMrvFlP1ov1bn3MW1esfOYI/sD6/AFCfpbG</latexit><latexit sha1_base64="FYWyzPouksIo+jz3752ybe5wNVc=">AAACAHicbVBNS8NAEJ34WetX1IMHL4tFqJeSSEGPBS+epIL9gDaUzXbTLt1s4u5GKGku/hUvHhTx6s/w5r9x2+agrQ8GHu/NMDPPjzlT2nG+rZXVtfWNzcJWcXtnd2/fPjhsqiiRhDZIxCPZ9rGinAna0Exz2o4lxaHPacsfXU/91iOVikXiXo9j6oV4IFjACNZG6tnH3UBikrpZ2lUPUqeT23JyPsmynl1yKs4MaJm4OSlBjnrP/ur2I5KEVGjCsVId14m1l2KpGeE0K3YTRWNMRnhAO4YKHFLlpbMHMnRmlD4KImlKaDRTf0+kOFRqHPqmM8R6qBa9qfif10l0cOWlTMSJpoLMFwUJRzpC0zRQn0lKNB8bgolk5lZEhtgkok1mRROCu/jyMmleVFyn4t5VS7VqHkcBTuAUyuDCJdTgBurQAAIZPMMrvFlP1ov1bn3MW1esfOYI/sD6/AFCfpbG</latexit><latexit sha1_base64="FYWyzPouksIo+jz3752ybe5wNVc=">AAACAHicbVBNS8NAEJ34WetX1IMHL4tFqJeSSEGPBS+epIL9gDaUzXbTLt1s4u5GKGku/hUvHhTx6s/w5r9x2+agrQ8GHu/NMDPPjzlT2nG+rZXVtfWNzcJWcXtnd2/fPjhsqiiRhDZIxCPZ9rGinAna0Exz2o4lxaHPacsfXU/91iOVikXiXo9j6oV4IFjACNZG6tnH3UBikrpZ2lUPUqeT23JyPsmynl1yKs4MaJm4OSlBjnrP/ur2I5KEVGjCsVId14m1l2KpGeE0K3YTRWNMRnhAO4YKHFLlpbMHMnRmlD4KImlKaDRTf0+kOFRqHPqmM8R6qBa9qfif10l0cOWlTMSJpoLMFwUJRzpC0zRQn0lKNB8bgolk5lZEhtgkok1mRROCu/jyMmleVFyn4t5VS7VqHkcBTuAUyuDCJdTgBurQAAIZPMMrvFlP1ov1bn3MW1esfOYI/sD6/AFCfpbG</latexit>

• factorization machine looks like SVD++

r̂ui = µ+
X

p

wpx
ui
p +

X

p

X

p0 6=p

wpp0xui
p xui

p0

<latexit sha1_base64="u+9kf2pOHwWIvKz2vWlnib/QFKA="></latexit><latexit sha1_base64="u+9kf2pOHwWIvKz2vWlnib/QFKA="></latexit><latexit sha1_base64="u+9kf2pOHwWIvKz2vWlnib/QFKA="></latexit><latexit sha1_base64="u+9kf2pOHwWIvKz2vWlnib/QFKA="></latexit>

wpp0 = v|pvp0
<latexit sha1_base64="MU6w6qeddnidcexs9OuNvf4ueoM=">AAACKXicbVBLSwMxGJz1Weur6km8BIvgqexKQS+C4MVjBatCW0s2TTWYzYYkq5Slf8eLf8WLgqJe/SOmdQ++Bj4YZuYj+SbWUlgXhm/BxOTU9Mxsaa48v7C4tFxZWT21aWYYb7JUpuY8ppZLoXjTCSf5uTacJrHkZ/H14cg/u+HGilSduIHmnYReKtEXjDovpRWCW3SRQ0OTdQxBsO/nxmsaF2hDQMGBw4CBQhZeXqTLKHcr1bAWjkH+kqggVRRodCtP7V7KsoQrxyS1thWF2nVyapxgkg/L7cxyTdk1veQtTxVNuO3k40uHZMsrPdJPjR/lyFj9vpHTxNpBEvtkQt2V/e2NxP+8Vub6e51cKJ05rtjXQ/1MEpeSUW2kJwxnTg48ocwI/1fCrqihzPlyRyVEv0/+S053alFYi47r1YN6UUcJG9jENiLs4gBHaKDpi77DA57xEtwHj8Fr8P4VnQiKnTX8QPDxCWCZmmw=</latexit><latexit sha1_base64="MU6w6qeddnidcexs9OuNvf4ueoM=">AAACKXicbVBLSwMxGJz1Weur6km8BIvgqexKQS+C4MVjBatCW0s2TTWYzYYkq5Slf8eLf8WLgqJe/SOmdQ++Bj4YZuYj+SbWUlgXhm/BxOTU9Mxsaa48v7C4tFxZWT21aWYYb7JUpuY8ppZLoXjTCSf5uTacJrHkZ/H14cg/u+HGilSduIHmnYReKtEXjDovpRWCW3SRQ0OTdQxBsO/nxmsaF2hDQMGBw4CBQhZeXqTLKHcr1bAWjkH+kqggVRRodCtP7V7KsoQrxyS1thWF2nVyapxgkg/L7cxyTdk1veQtTxVNuO3k40uHZMsrPdJPjR/lyFj9vpHTxNpBEvtkQt2V/e2NxP+8Vub6e51cKJ05rtjXQ/1MEpeSUW2kJwxnTg48ocwI/1fCrqihzPlyRyVEv0/+S053alFYi47r1YN6UUcJG9jENiLs4gBHaKDpi77DA57xEtwHj8Fr8P4VnQiKnTX8QPDxCWCZmmw=</latexit><latexit sha1_base64="MU6w6qeddnidcexs9OuNvf4ueoM=">AAACKXicbVBLSwMxGJz1Weur6km8BIvgqexKQS+C4MVjBatCW0s2TTWYzYYkq5Slf8eLf8WLgqJe/SOmdQ++Bj4YZuYj+SbWUlgXhm/BxOTU9Mxsaa48v7C4tFxZWT21aWYYb7JUpuY8ppZLoXjTCSf5uTacJrHkZ/H14cg/u+HGilSduIHmnYReKtEXjDovpRWCW3SRQ0OTdQxBsO/nxmsaF2hDQMGBw4CBQhZeXqTLKHcr1bAWjkH+kqggVRRodCtP7V7KsoQrxyS1thWF2nVyapxgkg/L7cxyTdk1veQtTxVNuO3k40uHZMsrPdJPjR/lyFj9vpHTxNpBEvtkQt2V/e2NxP+8Vub6e51cKJ05rtjXQ/1MEpeSUW2kJwxnTg48ocwI/1fCrqihzPlyRyVEv0/+S053alFYi47r1YN6UUcJG9jENiLs4gBHaKDpi77DA57xEtwHj8Fr8P4VnQiKnTX8QPDxCWCZmmw=</latexit><latexit sha1_base64="MU6w6qeddnidcexs9OuNvf4ueoM=">AAACKXicbVBLSwMxGJz1Weur6km8BIvgqexKQS+C4MVjBatCW0s2TTWYzYYkq5Slf8eLf8WLgqJe/SOmdQ++Bj4YZuYj+SbWUlgXhm/BxOTU9Mxsaa48v7C4tFxZWT21aWYYb7JUpuY8ppZLoXjTCSf5uTacJrHkZ/H14cg/u+HGilSduIHmnYReKtEXjDovpRWCW3SRQ0OTdQxBsO/nxmsaF2hDQMGBw4CBQhZeXqTLKHcr1bAWjkH+kqggVRRodCtP7V7KsoQrxyS1thWF2nVyapxgkg/L7cxyTdk1veQtTxVNuO3k40uHZMsrPdJPjR/lyFj9vpHTxNpBEvtkQt2V/e2NxP+8Vub6e51cKJ05rtjXQ/1MEpeSUW2kJwxnTg48ocwI/1fCrqihzPlyRyVEv0/+S053alFYi47r1YN6UUcJG9jENiLs4gBHaKDpi77DA57xEtwHj8Fr8P4VnQiKnTX8QPDxCWCZmmw=</latexit>

where 
0-order 1-order 2-order

SVD++

r̂ui = µ+ bu + bi + · · ·+ q|i

0

@pu + |N(u)|� 1
2

X

j2N(u)

yj

1

A+ · · · a

<latexit sha1_base64="NoXFv0oF8nVaS0KsCOdAEPQajGw="></latexit>

baseline estimate



factorization machines
(+) can easily include additional sources of information

just like matrix factorization

(-) are a bit rigid: they always consider all pairwise 
interactions between attributes

they cannot exactly reproduce SVD++

10



sparse linear methods (SLIM)

11



motivation
• recall the prediction formula for I-I collaborative filtering:

12

• this is a weighted average
• how are the weights computed?

• what if the weights were learned by a model?



SLIM
• first, simplify the formula
• consider all items, not only the neighbors
• ignore deviations, directly compute rating prediction
• assume weights are normalized 

13

• or in matrix form:
R̂ = RW

<latexit sha1_base64="vutUhHp0elRnqB9z+vmKAwk+tzg=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKexGwVyEgBePMZgHJEuYncwmQ2YfzvQGwpLv8OJBEa9+jDf/xkmyB00saCiquunu8mIpNNr2t5Xb2Nza3snvFvb2Dw6PiscnLR0livEmi2SkOh7VXIqQN1Gg5J1YcRp4kre98d3cb0+40iIKH3Eaczegw1D4glE0ktsbUUwbM3JLGqTdL5bssr0AWSdORkqQod4vfvUGEUsCHiKTVOuuY8foplShYJLPCr1E85iyMR3yrqEhDbh208XRM3JhlAHxI2UqRLJQf0+kNNB6GnimM6A40qveXPzP6yboV91UhHGCPGTLRX4iCUZkngAZCMUZyqkhlClhbiVsRBVlaHIqmBCc1ZfXSatSdq7KlYfrUq2axZGHMziHS3DgBmpwD3VoAoMneIZXeLMm1ov1bn0sW3NWNnMKf2B9/gBU15Ef</latexit>

[2011 ICDM X. Ning, G. Karypis] SLIM: Sparse Linear Methods for Top-N Recommender Systems 



SLIM

• goal: find a sparse (L1-regularized) matrix W
• why sparse?

• are users modeled in SLIM?
• how to recommend to a new user?

14

R̂ = RW
<latexit sha1_base64="vutUhHp0elRnqB9z+vmKAwk+tzg=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKexGwVyEgBePMZgHJEuYncwmQ2YfzvQGwpLv8OJBEa9+jDf/xkmyB00saCiquunu8mIpNNr2t5Xb2Nza3snvFvb2Dw6PiscnLR0livEmi2SkOh7VXIqQN1Gg5J1YcRp4kre98d3cb0+40iIKH3Eaczegw1D4glE0ktsbUUwbM3JLGqTdL5bssr0AWSdORkqQod4vfvUGEUsCHiKTVOuuY8foplShYJLPCr1E85iyMR3yrqEhDbh208XRM3JhlAHxI2UqRLJQf0+kNNB6GnimM6A40qveXPzP6yboV91UhHGCPGTLRX4iCUZkngAZCMUZyqkhlClhbiVsRBVlaHIqmBCc1ZfXSatSdq7KlYfrUq2axZGHMziHS3DgBmpwD3VoAoMneIZXeLMm1ov1bn0sW3NWNnMKf2B9/gBU15Ef</latexit>

= ·

R
<latexit sha1_base64="9ezpHdquXosIrDIbVcqh+oEnlZ8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI4kXjyCkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj27nffkKleSwfzCRBP6JDyUPOqLFS475fLLlldwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1Y9adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyd1WuNK5LtWoWRx7O4BwuwYMbqMEd1KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AKrtjNA=</latexit>

R̂
<latexit sha1_base64="qsYn2SRSFLTo3HFCq1Se/QeCquY=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqYI8FLx6r2A9oQ9lsN+3SzSbsToQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKnf6YYvYwG5QrbtVdgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4d0YurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6KYd3PhEpS5IotF4WpJBiT+e9kKDRnKKeWUKaFvZWwMdWUoU2oZEPwVl9eJ+1a1buq1u6vK416HkcRzuAcLsGDG2jAHTShBQwm8Ayv8OYkzovz7nwsWwtOPnMKf+B8/gB0yo+d</latexit>

W
<latexit sha1_base64="bknBClUAf6oPLw2qgdqSvJ1XPM4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU7AxKZbfiLkDWiZeTMuRoDEpf/WHM0gilYYJq3fPcxPgZVYYzgbNiP9WYUDahI+xZKmmE2s8Wh87IpVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxXvulJt3pTrtTyOApzDBVyBB7dQh3toQAsYIDzDK7w5j86L8+58LFs3nHzmDP7A+fwBsoGM1Q==</latexit>

m⇥ n
<latexit sha1_base64="st1INmm6O5mePxxOl+yW+lVccOk=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqYI8FLx4r2A9sQ9lsN+3SzSbsToQS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1gNOE+xEdKREKRtFKjxHpo4i4IWpQrrhVdwGyTrycVCBHc1D+6g9jlkZcIZPUmJ7nJuhnVKNgks9K/dTwhLIJHfGepYraNX62uHhGLqwyJGGsbSkkC/X3REYjY6ZRYDsjimOz6s3F/7xeimHdz4RKUuSKLReFqSQYk/n7ZCg0ZyinllCmhb2VsDHVlKENqWRD8FZfXiftWtW7qtburyuNeh5HEc7gHC7BgxtowB00oQUMFDzDK7w5xnlx3p2PZWvByWdO4Q+czx//NpBx</latexit>

m⇥ n
<latexit sha1_base64="st1INmm6O5mePxxOl+yW+lVccOk=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqYI8FLx4r2A9sQ9lsN+3SzSbsToQS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1gNOE+xEdKREKRtFKjxHpo4i4IWpQrrhVdwGyTrycVCBHc1D+6g9jlkZcIZPUmJ7nJuhnVKNgks9K/dTwhLIJHfGepYraNX62uHhGLqwyJGGsbSkkC/X3REYjY6ZRYDsjimOz6s3F/7xeimHdz4RKUuSKLReFqSQYk/n7ZCg0ZyinllCmhb2VsDHVlKENqWRD8FZfXiftWtW7qtburyuNeh5HEc7gHC7BgxtowB00oQUMFDzDK7w5xnlx3p2PZWvByWdO4Q+czx//NpBx</latexit>

n⇥ n
<latexit sha1_base64="3CkLH6Tz+l/x46xCi/LGpWBLG9k=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqYI8FLx4r2A9sQ9lsN+3SzSbsToQS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1gNOE+xEdKREKRtFKj4r0UUTcEDUoV9yquwBZJ15OKpCjOSh/9YcxSyOukElqTM9zE/QzqlEwyWelfmp4QtmEjnjPUkXtGj9bXDwjF1YZkjDWthSShfp7IqORMdMosJ0RxbFZ9ebif14vxbDuZ0IlKXLFlovCVBKMyfx9MhSaM5RTSyjTwt5K2JhqytCGVLIheKsvr5N2repdVWv315VGPY+jCGdwDpfgwQ004A6a0AIGCp7hFd4c47w4787HsrXg5DOn8AfO5w8A0pBy</latexit>m users, n items



factorized SLIM
• many parameters in the model
• how many?

• not enough user-item interactions to learn them

• solution: compute a factorization of weight matrix 
• where            are 

• a weight is computed as the inner product

15

R̂ = RW
<latexit sha1_base64="vutUhHp0elRnqB9z+vmKAwk+tzg=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKexGwVyEgBePMZgHJEuYncwmQ2YfzvQGwpLv8OJBEa9+jDf/xkmyB00saCiquunu8mIpNNr2t5Xb2Nza3snvFvb2Dw6PiscnLR0livEmi2SkOh7VXIqQN1Gg5J1YcRp4kre98d3cb0+40iIKH3Eaczegw1D4glE0ktsbUUwbM3JLGqTdL5bssr0AWSdORkqQod4vfvUGEUsCHiKTVOuuY8foplShYJLPCr1E85iyMR3yrqEhDbh208XRM3JhlAHxI2UqRLJQf0+kNNB6GnimM6A40qveXPzP6yboV91UhHGCPGTLRX4iCUZkngAZCMUZyqkhlClhbiVsRBVlaHIqmBCc1ZfXSatSdq7KlYfrUq2axZGHMziHS3DgBmpwD3VoAoMneIZXeLMm1ov1bn0sW3NWNnMKf2B9/gBU15Ef</latexit>

W = Q|Y
<latexit sha1_base64="7gLtqB0OwcTkB0kmN2wisDqNNVw=">AAAB+3icbVDLSgNBEOz1GeMrxqOXwSB4CrtRMBch4MVjAuYhyRpmJ73JkNnZZWZWDCG/4sWDIl79EW/+jZPHQRMLGoqqbrq7gkRwbVz321lb39jc2s7sZHf39g8Oc0f5ho5TxbDOYhGrVkA1Ci6xbrgR2EoU0igQ2AyGN1O/+YhK81jemVGCfkT7koecUWOlbi7fJNek9tDh0qBiVJB70s0V3KI7A1kl3oIUYIFqN/fV6cUsjVAaJqjWbc9NjD+mynAmcJLtpBoTyoa0j21LJY1Q++PZ7RNyZpUeCWNlSxoyU39PjGmk9SgKbGdEzUAve1PxP6+dmrDsj7lMUoOSzReFqSAmJtMgSI8rZEaMLKFMcXsrYQOqKLNB6KwNwVt+eZU0SkXvoliqXRYq5UUcGTiBUzgHD66gArdQhToweIJneIU3Z+K8OO/Ox7x1zVnMHMMfOJ8/EbGTIw==</latexit>

Q, Y
<latexit sha1_base64="ThUjCVr3CvAJOL67SUuvtqE49YQ=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8SNiNgjkGvHhM0DwkWcLsZDYZMju7zPQKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkQKg6777aytb2xubed28rt7+weHhaPjpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDvzW09cGxGrBxwn3I/oQIlQMIpWuq9fPvYKRbfkzkFWiZeRImSo9Qpf3X7M0ogrZJIa0/HcBP0J1SiY5NN8NzU8oWxEB7xjqaIRN/5kfuqUnFulT8JY21JI5urviQmNjBlHge2MKA7NsjcT//M6KYYVfyJUkiJXbLEoTCXBmMz+Jn2hOUM5toQyLeythA2ppgxtOnkbgrf88ipplkveValcvy5WK1kcOTiFM7gAD26gCndQgwYwGMAzvMKbI50X5935WLSuOdnMCfyB8/kDvaSNaA==</latexit>

k ⇥ n
<latexit sha1_base64="GtG6ixB/wFu18RZetXlxchA773Y=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqYI8FLx4r2A9sQ9lsN+3SzSbsToQS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1gNOE+xEdKREKRtFKjxPSRxFxQ9SgXHGr7gJknXg5qUCO5qD81R/GLI24QiapMT3PTdDPqEbBJJ+V+qnhCWUTOuI9SxW1a/xscfGMXFhlSMJY21JIFurviYxGxkyjwHZGFMdm1ZuL/3m9FMO6nwmVpMgVWy4KU0kwJvP3yVBozlBOLaFMC3srYWOqKUMbUsmG4K2+vE7atap3Va3dX1ca9TyOIpzBOVyCBzfQgDtoQgsYKHiGV3hzjPPivDsfy9aCk8+cwh84nz/8HJBv</latexit>

[2013 KDD S. Kabbur et al.] FISM: Factored Item Similarity Models for Top-N Recommender Systems 

wij = q|i yj

<latexit sha1_base64="yG5KQP+aAhygYEhRGED1HmqpiC8=">AAACBHicbVC7TsMwFHXKo6XlEWDsYlEhMVUJAtEFqYKFsUj0IbUhcly3des4wXZAUdSBhYn/YGEAIVY+go3fYGbAaTtA4UhXOjrnXt17jxcyKpVlfRiZhcWl5WxuJV9YXVvfMDe3GjKIBCZ1HLBAtDwkCaOc1BVVjLRCQZDvMdL0Rqep37wmQtKAX6g4JI6P+pz2KEZKS65ZvHETOhzDY3jl0ssO5YoIjBiM3WHeNUtW2ZoA/iX2jJSqxc+TbOH+q+aa751ugCOfcIUZkrJtW6FyEiQUxYyM851IkhDhEeqTtqYc+UQ6yeSJMdzVShf2AqGLKzhRf04kyJcy9j3d6SM1kPNeKv7ntSPVqzgJ5WGkCMfTRb2IQRXANBHYpYJgxWJNEBZU3wrxAAmEdRQyDcGef/kvaeyX7YPy4blOowKmyIEi2AF7wAZHoArOQA3UAQa34AE8gWfjzng0XozXaWvGmM1sg18w3r4BCvuaqw==</latexit>



factorized SLIM
• let’s see this in matrix 

form
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R̂ = RQ|Y
<latexit sha1_base64="P3DHSyJHWrrhca3JIzK/vNR59Gc=">AAACBXicbVC7SgNBFL0bXzG+Vi21GAyCVdiNgmmEgI1lEsxDsmuYnUySIbOzy8ysEJY0Nv6KjYUitv6DnX/j5FFo4oELh3Pu5d57gpgzpR3n28qsrK6tb2Q3c1vbO7t79v5BQ0WJJLROIh7JVoAV5UzQumaa01YsKQ4DTpvB8HriNx+oVCwSt3oUUz/EfcF6jGBtpI597A2wTmtjdIVQDaHqvceEppJgju5Qx847BWcKtEzcOcnDHJWO/eV1I5KEVGjCsVJt14m1n2KpGeF0nPMSRWNMhrhP24YKHFLlp9MvxujUKF3Ui6QpodFU/T2R4lCpURiYzhDrgVr0JuJ/XjvRvZKfMhEnmgoyW9RLONIRmkSCukxSovnIEEwkM7ciMsASExOEypkQ3MWXl0mjWHDPC8XqRb5cmseRhSM4gTNw4RLKcAMVqAOBR3iGV3iznqwX6936mLVmrPnMIfyB9fkDu9OWxQ==</latexit>

= ·

R
<latexit sha1_base64="9ezpHdquXosIrDIbVcqh+oEnlZ8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI4kXjyCkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj27nffkKleSwfzCRBP6JDyUPOqLFS475fLLlldwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1Y9adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyd1WuNK5LtWoWRx7O4BwuwYMbqMEd1KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AKrtjNA=</latexit>

R̂
<latexit sha1_base64="qsYn2SRSFLTo3HFCq1Se/QeCquY=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqYI8FLx6r2A9oQ9lsN+3SzSbsToQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKnf6YYvYwG5QrbtVdgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4d0YurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6KYd3PhEpS5IotF4WpJBiT+e9kKDRnKKeWUKaFvZWwMdWUoU2oZEPwVl9eJ+1a1buq1u6vK416HkcRzuAcLsGDG2jAHTShBQwm8Ayv8OYkzovz7nwsWwtOPnMKf+B8/gB0yo+d</latexit>

m⇥ n
<latexit sha1_base64="st1INmm6O5mePxxOl+yW+lVccOk=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqYI8FLx4r2A9sQ9lsN+3SzSbsToQS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1gNOE+xEdKREKRtFKjxHpo4i4IWpQrrhVdwGyTrycVCBHc1D+6g9jlkZcIZPUmJ7nJuhnVKNgks9K/dTwhLIJHfGepYraNX62uHhGLqwyJGGsbSkkC/X3REYjY6ZRYDsjimOz6s3F/7xeimHdz4RKUuSKLReFqSQYk/n7ZCg0ZyinllCmhb2VsDHVlKENqWRD8FZfXiftWtW7qtburyuNeh5HEc7gHC7BgxtowB00oQUMFDzDK7w5xnlx3p2PZWvByWdO4Q+czx//NpBx</latexit>

m⇥ n
<latexit sha1_base64="st1INmm6O5mePxxOl+yW+lVccOk=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqYI8FLx4r2A9sQ9lsN+3SzSbsToQS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1gNOE+xEdKREKRtFKjxHpo4i4IWpQrrhVdwGyTrycVCBHc1D+6g9jlkZcIZPUmJ7nJuhnVKNgks9K/dTwhLIJHfGepYraNX62uHhGLqwyJGGsbSkkC/X3REYjY6ZRYDsjimOz6s3F/7xeimHdz4RKUuSKLReFqSQYk/n7ZCg0ZyinllCmhb2VsDHVlKENqWRD8FZfXiftWtW7qtburyuNeh5HEc7gHC7BgxtowB00oQUMFDzDK7w5xnlx3p2PZWvByWdO4Q+czx//NpBx</latexit>

n⇥ k
<latexit sha1_base64="K38+nJGuJPJIpJLU9J0Pp2YMteM=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqYI8FLx4r2A9sQ9lsN+3SzSbsToQS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1gNOE+xEdKREKRtFKj4r0UUTckMmgXHGr7gJknXg5qUCO5qD81R/GLI24QiapMT3PTdDPqEbBJJ+V+qnhCWUTOuI9SxW1a/xscfGMXFhlSMJY21JIFurviYxGxkyjwHZGFMdm1ZuL/3m9FMO6nwmVpMgVWy4KU0kwJvP3yVBozlBOLaFMC3srYWOqKUMbUsmG4K2+vE7atap3Va3dX1ca9TyOIpzBOVyCBzfQgDtoQgsYKHiGV3hzjPPivDsfy9aCk8+cwh84nz/8N5Bv</latexit>

Q|
<latexit sha1_base64="wiESai2k9gfU7QqQci+TRvwWCzc=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KkkV7LHgxWML9gPSWDbbabt0swm7E6GE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKQw6Lrfzsbm1vbObmGvuH9weHRcOjltmzjVHFo8lrHuhsyAFApaKFBCN9HAolBCJ5zczf3OE2gjYvWA0wSCiI2UGArO0Ep+87EnFILmTPZLZbfiLkDXiZeTMsnR6Je+eoOYpxEo5JIZ43tugkHGNAouYVbspQYSxidsBL6likVggmxx8oxeWmVAh7G2pZAu1N8TGYuMmUah7YwYjs2qNxf/8/wUh7UgEypJERRfLhqmkmJM5//TgdDAUU4tYVwLeyvlY6YZtymYog3BW315nbSrFe+6Um3elOu1PI4COScX5Ip45JbUyT1pkBbhJCbP5JW8Oei8OO/Ox7J1w8lnzsgfOJ8/UnORPw==</latexit> Y

<latexit sha1_base64="M6y0AWDRBL2tYspDI78r4dby4SY=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI4kXjxCIg8DGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj27nffkKleSzvzSRBP6JDyUPOqLFS46FfLLlldwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1Y9adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyd1WuNK5LtWoWRx7O4BwuwYMbqMEd1KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/ALWJjNc=</latexit>

·
k ⇥ n

<latexit sha1_base64="GtG6ixB/wFu18RZetXlxchA773Y=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqYI8FLx4r2A9sQ9lsN+3SzSbsToQS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1gNOE+xEdKREKRtFKjxPSRxFxQ9SgXHGr7gJknXg5qUCO5qD81R/GLI24QiapMT3PTdDPqEbBJJ+V+qnhCWUTOuI9SxW1a/xscfGMXFhlSMJY21JIFurviYxGxkyjwHZGFMdm1ZuL/3m9FMO6nwmVpMgVWy4KU0kwJvP3yVBozlBOLaFMC3srYWOqKUMbUsmG4K2+vE7atap3Va3dX1ca9TyOIpzBOVyCBzfQgDtoQgsYKHiGV3hzjPPivDsfy9aCk8+cwh84nz/8HJBv</latexit>

• so, the model predicts a rating as:

r̂ui = q|i
X

j2Iu

ruj · yj

<latexit sha1_base64="zZhJGHjvQWUI41nbFNTQhwG/YvA="></latexit>

item 
model user model

• have you seen something like this before? in SVD++



neural network approaches
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restricted Boltzmann machines
• the first neural net approach appeared on 2007 based on G. 

Hinton’s Restricted Boltzmann Machines (RBMs, stochastic 
neural nets used for generative learning):
• one visible (input/output) layer
• one hidden layer with stochastic binary units (0/1 with some prob.)
• weights, biases encode the input into a binary representation
• a binary encoding is decoded to an output via the weights
• weights are learned by contrastive divergence (RBM learning)

18

h
<latexit sha1_base64="tznJ5l2ae4xkmpo8iX0nAmXub7k=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEaI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSazIsV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5Lg1RjQtmUjrFvqaQRaj9bHjonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IR1P+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr3VYa9TyOIlzAJVyDBzVowD00oQ0MEJ7hFd6cR+fFeXc+Vq0FJ585hz9wPn8AyveM4g==</latexit><latexit sha1_base64="tznJ5l2ae4xkmpo8iX0nAmXub7k=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEaI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSazIsV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5Lg1RjQtmUjrFvqaQRaj9bHjonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IR1P+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr3VYa9TyOIlzAJVyDBzVowD00oQ0MEJ7hFd6cR+fFeXc+Vq0FJ585hz9wPn8AyveM4g==</latexit><latexit sha1_base64="tznJ5l2ae4xkmpo8iX0nAmXub7k=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEaI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSazIsV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5Lg1RjQtmUjrFvqaQRaj9bHjonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IR1P+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr3VYa9TyOIlzAJVyDBzVowD00oQ0MEJ7hFd6cR+fFeXc+Vq0FJ585hz9wPn8AyveM4g==</latexit><latexit sha1_base64="tznJ5l2ae4xkmpo8iX0nAmXub7k=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEaI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSazIsV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5Lg1RjQtmUjrFvqaQRaj9bHjonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IR1P+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr3VYa9TyOIlzAJVyDBzVowD00oQ0MEJ7hFd6cR+fFeXc+Vq0FJ585hz9wPn8AyveM4g==</latexit>

v
<latexit sha1_base64="Ko3g/Z3vBOM6car8a5TGI/jF4Uw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbsbgol9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7AST+4XfmaLSPJaPZpagH9GR5CFn1FipOR2UK27VXYJsEi8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAuelfqoxoWxCR9izVNIItZ8tD52TK6sMSRgrW9KQpfp7IqOR1rMosJ0RNWO97i3E/7xeasKan3GZpAYlWy0KU0FMTBZfkyFXyIyYWUKZ4vZWwsZUUWZsNiUbgrf+8iZp31Q9t+o1byv1Wh5HES7gEq7BgzuowwM0oAUMEJ7hFd6cJ+fFeXc+Vq0FJ585hz9wPn8A4C+M8A==</latexit><latexit sha1_base64="Ko3g/Z3vBOM6car8a5TGI/jF4Uw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbsbgol9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7AST+4XfmaLSPJaPZpagH9GR5CFn1FipOR2UK27VXYJsEi8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAuelfqoxoWxCR9izVNIItZ8tD52TK6sMSRgrW9KQpfp7IqOR1rMosJ0RNWO97i3E/7xeasKan3GZpAYlWy0KU0FMTBZfkyFXyIyYWUKZ4vZWwsZUUWZsNiUbgrf+8iZp31Q9t+o1byv1Wh5HES7gEq7BgzuowwM0oAUMEJ7hFd6cJ+fFeXc+Vq0FJ585hz9wPn8A4C+M8A==</latexit><latexit sha1_base64="Ko3g/Z3vBOM6car8a5TGI/jF4Uw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbsbgol9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7AST+4XfmaLSPJaPZpagH9GR5CFn1FipOR2UK27VXYJsEi8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAuelfqoxoWxCR9izVNIItZ8tD52TK6sMSRgrW9KQpfp7IqOR1rMosJ0RNWO97i3E/7xeasKan3GZpAYlWy0KU0FMTBZfkyFXyIyYWUKZ4vZWwsZUUWZsNiUbgrf+8iZp31Q9t+o1byv1Wh5HES7gEq7BgzuowwM0oAUMEJ7hFd6cJ+fFeXc+Vq0FJ585hz9wPn8A4C+M8A==</latexit><latexit sha1_base64="Ko3g/Z3vBOM6car8a5TGI/jF4Uw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbsbgol9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7AST+4XfmaLSPJaPZpagH9GR5CFn1FipOR2UK27VXYJsEi8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAuelfqoxoWxCR9izVNIItZ8tD52TK6sMSRgrW9KQpfp7IqOR1rMosJ0RNWO97i3E/7xeasKan3GZpAYlWy0KU0FMTBZfkyFXyIyYWUKZ4vZWwsZUUWZsNiUbgrf+8iZp31Q9t+o1byv1Wh5HES7gEq7BgzuowwM0oAUMEJ7hFd6cJ+fFeXc+Vq0FJ585hz9wPn8A4C+M8A==</latexit>
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• user-based input: ratings for each user
• ratings represented as a vector of length 

5, where entries represent a star 
• number of input units is number of items

• output are the probabilities for star 
ratings

issues:
• can only handle integer ratings
• computing predictions can be expensive
• obsolete – no longer relevant

Restricted Boltzmann Machines for Collaborative Filtering
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Figure 1. A restricted Boltzmann machine with binary
hidden units and softmax visible units. For each user, the
RBM only includes softmax units for the movies that user
has rated. In addition to the symmetric weights between
each hidden unit and each of the K = 5 values of a soft-
max unit, there are 5 biases for each softmax unit and one
for each hidden unit. When modeling user ratings with
an RBM that has Gaussian hidden units, the top layer is
composed of linear units with Gaussian noise.

weights and biases are tied together, so if two users
have rated the same movie, their two RBM’s must use
the same weights between the softmax visible unit for
that movie and the hidden units. The binary states of
the hidden units, however, can be quite different for
different users. From now on, to simplify the nota-
tion, we will concentrate on getting the gradients for
the parameters of a single user-specific RBM. The full
gradients with respect to the shared weight parameters
can then be obtained by averaging over all N users.

Suppose a user rated m movies. Let V be a K × m
observed binary indicator matrix with vk

i = 1 if the
user rated movie i as k and 0 otherwise. We also let
hj , j = 1, ..., F , be the binary values of hidden (la-
tent) variables, that can be thought of as representing
stochastic binary features that have different values for
different users.

2.1. The Model

We use a conditional multinomial distribution (a “soft-
max”) for modeling each column of the observed
“visible” binary rating matrix V and a conditional
Bernoulli distribution for modeling “hidden” user fea-
tures h (see Fig. 1):

p(vk
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i +

∑F
j=1 hjW k

ij)
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p(hj = 1|V) = σ(bj +
m
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K
∑
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i W k

ij) (2)

where σ(x) = 1/(1 + e−x) is the logistic function, W k
ij

is a symmetric interaction parameter between feature
j and rating k of movie i, bk

i is the bias of rating k for
movie i, and bj is the bias of feature j. Note that the
bk
i can be initialized to the logs of their respective base

rates over all users.

The marginal distribution over the visible ratings V
is:

p(V) =
∑

h

exp (−E(V,h))
∑

V′,h′ exp (−E(V′,h′))
(3)

with an “energy” term given by:
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The movies with missing ratings do not make any con-
tribution to the energy function.

2.2. Learning

The parameter updates required to perform gradient
ascent in the log-likelihood can be obtained from Eq.
3:

∆W k
ij = ε

∂ log p(V)

∂W k
ij

=

= ε

(

<vk
i hj>data − <vk

i hj>model

)

(5)

where ε is the learning rate. The expectation
<vk

i hj>data defines the frequency with which movie i
with rating k and feature j are on together when the
features are being driven by the observed user-rating
data from the training set using Eq. 2, and <·>model is
an expectation with respect to the distribution defined
by the model. The expectation < ·>model cannot be
computed analytically in less than exponential time.
MCMC methods (Neal, 1993) can be employed to ap-
proximate this expectation. These methods, however,
are quite slow and suffer from high variance in their
estimates.

To avoid computing < ·>model, we follow an approxi-
mation to the gradient of a different objective function

the rating of an item: each box 
represents a star
input: filled box is the given rating
output: boxes contain probabilities
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• autoencoders are (shallow) feed forward 
neural nets used for unsupervised learning
and trained with backpropagation (SGD)

• hidden layer contains much fewer units than 
input layer
• encodes the input, i.e.,
• embeds it into a lower dimensionality space

• output layer has as many units as input
• decodes the encoding/embedding

• training goal is to make output match input 
(+ other regularization objectives)

[CS294A Lecture Notes 2001, Sparse Autoencoders, Andrew Ng]

hiddeninput output
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• parameters:
• weights
• biases

• what they compute:
• at layer 2:
• at layer 3:
• using some nonlinear activation 

function (sigmoid, tanh, relu)

• goal: 

[CS294A Lecture Notes 2001, Sparse Autoencoders, Andrew Ng]

hiddeninput output

W (1), b(1)
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<latexit sha1_base64="PR3wAaCgT8plLAQKI+PiQ2z5g3w=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7U3TyOIpzBOVyCBzWowx00oAUMEJ7hFd6cB+fFeXc+lq0FJ585hT9wPn8A4M+M6g==</latexit><latexit sha1_base64="PR3wAaCgT8plLAQKI+PiQ2z5g3w=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7U3TyOIpzBOVyCBzWowx00oAUMEJ7hFd6cB+fFeXc+lq0FJ585hT9wPn8A4M+M6g==</latexit><latexit sha1_base64="PR3wAaCgT8plLAQKI+PiQ2z5g3w=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7U3TyOIpzBOVyCBzWowx00oAUMEJ7hFd6cB+fFeXc+lq0FJ585hT9wPn8A4M+M6g==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="u83j/XzZ2ZMt9PzkJ56wspYVcvA=">AAAB3XicbZBLSwMxFIXv1FetVatbN8EiuCozbnQpuHHZgn1AW0omvdPGZjJDckcsQ3+BGxeK+Lfc+W9MHwttPRD4OCch954wVdKS7397ha3tnd294n7poHx4dFw5KbdskhmBTZGoxHRCblFJjU2SpLCTGuRxqLAdTu7mefsJjZWJfqBpiv2Yj7SMpODkrMbzoFL1a/5CbBOCFVRhpfqg8tUbJiKLUZNQ3Npu4KfUz7khKRTOSr3MYsrFhI+w61DzGG0/Xww6YxfOGbIoMe5oYgv394ucx9ZO49DdjDmN7Xo2N//LuhlFN/1c6jQj1GL5UZQpRgmbb82G0qAgNXXAhZFuVibG3HBBrpuSKyFYX3kTWle1wK8FDR+KcAbncAkBXMMt3EMdmiAA4QXe4N179F69j2VdBW/V2yn8kff5A9GTi6k=</latexit><latexit sha1_base64="u83j/XzZ2ZMt9PzkJ56wspYVcvA=">AAAB3XicbZBLSwMxFIXv1FetVatbN8EiuCozbnQpuHHZgn1AW0omvdPGZjJDckcsQ3+BGxeK+Lfc+W9MHwttPRD4OCch954wVdKS7397ha3tnd294n7poHx4dFw5KbdskhmBTZGoxHRCblFJjU2SpLCTGuRxqLAdTu7mefsJjZWJfqBpiv2Yj7SMpODkrMbzoFL1a/5CbBOCFVRhpfqg8tUbJiKLUZNQ3Npu4KfUz7khKRTOSr3MYsrFhI+w61DzGG0/Xww6YxfOGbIoMe5oYgv394ucx9ZO49DdjDmN7Xo2N//LuhlFN/1c6jQj1GL5UZQpRgmbb82G0qAgNXXAhZFuVibG3HBBrpuSKyFYX3kTWle1wK8FDR+KcAbncAkBXMMt3EMdmiAA4QXe4N179F69j2VdBW/V2yn8kff5A9GTi6k=</latexit><latexit sha1_base64="BojD2i9Tc3XTc6CxcqmaYbvtLI8=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFfZstAzYWCZgPiAJYW8zl6zZ2zt298Rw5BfYWChi60+y89+4Sa7QxAcDj/dmmJkXJFIYS+m3V9jY3NreKe6W9vYPDo/KxyctE6eaY5PHMtadgBmUQmHTCiuxk2hkUSCxHUxu5377EbURsbq30wT7ERspEQrOrJMaT4NyhVbpAmSd+DmpQI76oPzVG8Y8jVBZLpkxXZ8mtp8xbQWXOCv1UoMJ4xM2wq6jikVo+tni0Bm5cMqQhLF2pSxZqL8nMhYZM40C1xkxOzar3lz8z+umNrzpZ0IlqUXFl4vCVBIbk/nXZCg0ciunjjCuhbuV8DHTjFuXTcmF4K++vE5aV1WfVv0GrdRoHkcRzuAcLsGHa6jBHdShCRwQnuEV3rwH78V79z6WrQUvnzmFP/A+fwDfj4zm</latexit><latexit sha1_base64="PR3wAaCgT8plLAQKI+PiQ2z5g3w=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7U3TyOIpzBOVyCBzWowx00oAUMEJ7hFd6cB+fFeXc+lq0FJ585hT9wPn8A4M+M6g==</latexit><latexit sha1_base64="PR3wAaCgT8plLAQKI+PiQ2z5g3w=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7U3TyOIpzBOVyCBzWowx00oAUMEJ7hFd6cB+fFeXc+lq0FJ585hT9wPn8A4M+M6g==</latexit><latexit sha1_base64="PR3wAaCgT8plLAQKI+PiQ2z5g3w=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7U3TyOIpzBOVyCBzWowx00oAUMEJ7hFd6cB+fFeXc+lq0FJ585hT9wPn8A4M+M6g==</latexit><latexit sha1_base64="PR3wAaCgT8plLAQKI+PiQ2z5g3w=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7U3TyOIpzBOVyCBzWowx00oAUMEJ7hFd6cB+fFeXc+lq0FJ585hT9wPn8A4M+M6g==</latexit><latexit sha1_base64="PR3wAaCgT8plLAQKI+PiQ2z5g3w=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7U3TyOIpzBOVyCBzWowx00oAUMEJ7hFd6cB+fFeXc+lq0FJ585hT9wPn8A4M+M6g==</latexit><latexit sha1_base64="PR3wAaCgT8plLAQKI+PiQ2z5g3w=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7U3TyOIpzBOVyCBzWowx00oAUMEJ7hFd6cB+fFeXc+lq0FJ585hT9wPn8A4M+M6g==</latexit>

a(2)
<latexit sha1_base64="9bdofrxlEuXcASj+beyFmuMLddo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBahXkpSBD0WvHisYD+gjWWy3bRLN5uwuxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TRVmLxiJW3QA1E1yyluFGsG6iGEaBYJ1gcjv3O09MaR7LBzNNmB/hSPKQUzRW6uBjVq1fzgbliltzFyDrxMtJBXI0B+Wv/jCmacSkoQK17nluYvwMleFUsFmpn2qWIJ3giPUslRgx7WeLc2fkwipDEsbKljRkof6eyDDSehoFtjNCM9ar3lz8z+ulJrzxMy6T1DBJl4vCVBATk/nvZMgVo0ZMLUGquL2V0DEqpMYmVLIheKsvr5N2vea5Ne/+qtJw8ziKcAbnUAUPrqEBd9CEFlCYwDO8wpuTOC/Ou/OxbC04+cwp/IHz+QNvlo7o</latexit><latexit sha1_base64="9bdofrxlEuXcASj+beyFmuMLddo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBahXkpSBD0WvHisYD+gjWWy3bRLN5uwuxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TRVmLxiJW3QA1E1yyluFGsG6iGEaBYJ1gcjv3O09MaR7LBzNNmB/hSPKQUzRW6uBjVq1fzgbliltzFyDrxMtJBXI0B+Wv/jCmacSkoQK17nluYvwMleFUsFmpn2qWIJ3giPUslRgx7WeLc2fkwipDEsbKljRkof6eyDDSehoFtjNCM9ar3lz8z+ulJrzxMy6T1DBJl4vCVBATk/nvZMgVo0ZMLUGquL2V0DEqpMYmVLIheKsvr5N2vea5Ne/+qtJw8ziKcAbnUAUPrqEBd9CEFlCYwDO8wpuTOC/Ou/OxbC04+cwp/IHz+QNvlo7o</latexit><latexit sha1_base64="9bdofrxlEuXcASj+beyFmuMLddo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBahXkpSBD0WvHisYD+gjWWy3bRLN5uwuxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TRVmLxiJW3QA1E1yyluFGsG6iGEaBYJ1gcjv3O09MaR7LBzNNmB/hSPKQUzRW6uBjVq1fzgbliltzFyDrxMtJBXI0B+Wv/jCmacSkoQK17nluYvwMleFUsFmpn2qWIJ3giPUslRgx7WeLc2fkwipDEsbKljRkof6eyDDSehoFtjNCM9ar3lz8z+ulJrzxMy6T1DBJl4vCVBATk/nvZMgVo0ZMLUGquL2V0DEqpMYmVLIheKsvr5N2vea5Ne/+qtJw8ziKcAbnUAUPrqEBd9CEFlCYwDO8wpuTOC/Ou/OxbC04+cwp/IHz+QNvlo7o</latexit><latexit sha1_base64="9bdofrxlEuXcASj+beyFmuMLddo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBahXkpSBD0WvHisYD+gjWWy3bRLN5uwuxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TRVmLxiJW3QA1E1yyluFGsG6iGEaBYJ1gcjv3O09MaR7LBzNNmB/hSPKQUzRW6uBjVq1fzgbliltzFyDrxMtJBXI0B+Wv/jCmacSkoQK17nluYvwMleFUsFmpn2qWIJ3giPUslRgx7WeLc2fkwipDEsbKljRkof6eyDDSehoFtjNCM9ar3lz8z+ulJrzxMy6T1DBJl4vCVBATk/nvZMgVo0ZMLUGquL2V0DEqpMYmVLIheKsvr5N2vea5Ne/+qtJw8ziKcAbnUAUPrqEBd9CEFlCYwDO8wpuTOC/Ou/OxbC04+cwp/IHz+QNvlo7o</latexit>

W = {W (1),W (2)}
<latexit sha1_base64="sgfdHsyj4PmhIe/qsHPh+j275lA=">AAACA3icbZDNSsNAFIUn9a/Wv6g73QwWoQUpSRF0IxTcuKxgm0ITy2Q6aYdOJmFmIpQQcOOruHGhiFtfwp1v46TNQlsPDHycey937vFjRqWyrG+jtLK6tr5R3qxsbe/s7pn7B10ZJQKTDo5YJHo+koRRTjqKKkZ6sSAo9Blx/Ml1XnceiJA04ndqGhMvRCNOA4qR0tbAPHLgFXRT5z6t2fXsDObQrGcQutnArFoNaya4DHYBVVCoPTC/3GGEk5BwhRmSsm9bsfJSJBTFjGQVN5EkRniCRqSvkaOQSC+d3ZDBU+0MYRAJ/biCM/f3RIpCKaehrztDpMZysZab/9X6iQouvZTyOFGE4/miIGFQRTAPBA6pIFixqQaEBdV/hXiMBMJKx1bRIdiLJy9Dt9mwrYZ9e15tWUUcZXAMTkAN2OACtMANaIMOwOARPINX8GY8GS/Gu/Exby0Zxcwh+CPj8wfhw5UM</latexit><latexit sha1_base64="sgfdHsyj4PmhIe/qsHPh+j275lA=">AAACA3icbZDNSsNAFIUn9a/Wv6g73QwWoQUpSRF0IxTcuKxgm0ITy2Q6aYdOJmFmIpQQcOOruHGhiFtfwp1v46TNQlsPDHycey937vFjRqWyrG+jtLK6tr5R3qxsbe/s7pn7B10ZJQKTDo5YJHo+koRRTjqKKkZ6sSAo9Blx/Ml1XnceiJA04ndqGhMvRCNOA4qR0tbAPHLgFXRT5z6t2fXsDObQrGcQutnArFoNaya4DHYBVVCoPTC/3GGEk5BwhRmSsm9bsfJSJBTFjGQVN5EkRniCRqSvkaOQSC+d3ZDBU+0MYRAJ/biCM/f3RIpCKaehrztDpMZysZab/9X6iQouvZTyOFGE4/miIGFQRTAPBA6pIFixqQaEBdV/hXiMBMJKx1bRIdiLJy9Dt9mwrYZ9e15tWUUcZXAMTkAN2OACtMANaIMOwOARPINX8GY8GS/Gu/Exby0Zxcwh+CPj8wfhw5UM</latexit><latexit sha1_base64="sgfdHsyj4PmhIe/qsHPh+j275lA=">AAACA3icbZDNSsNAFIUn9a/Wv6g73QwWoQUpSRF0IxTcuKxgm0ITy2Q6aYdOJmFmIpQQcOOruHGhiFtfwp1v46TNQlsPDHycey937vFjRqWyrG+jtLK6tr5R3qxsbe/s7pn7B10ZJQKTDo5YJHo+koRRTjqKKkZ6sSAo9Blx/Ml1XnceiJA04ndqGhMvRCNOA4qR0tbAPHLgFXRT5z6t2fXsDObQrGcQutnArFoNaya4DHYBVVCoPTC/3GGEk5BwhRmSsm9bsfJSJBTFjGQVN5EkRniCRqSvkaOQSC+d3ZDBU+0MYRAJ/biCM/f3RIpCKaehrztDpMZysZab/9X6iQouvZTyOFGE4/miIGFQRTAPBA6pIFixqQaEBdV/hXiMBMJKx1bRIdiLJy9Dt9mwrYZ9e15tWUUcZXAMTkAN2OACtMANaIMOwOARPINX8GY8GS/Gu/Exby0Zxcwh+CPj8wfhw5UM</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="UiQzyrhXoJ6eSgX8fRC2cBdg5To=">AAAB+HicbZBPS8MwGMbfzn9zTp0e9RIcwgYy2l30IghePE5wq7DWkWbpFpamJUmFUQpe/CpePCjiJ/HmtzHddtDNBwI/nifhzfsECWdK2/a3VVpb39jcKm9Xdqq7e/u1g2pPxakktEtiHsv7ACvKmaBdzTSn94mkOAo4dYPJdZG7j1QqFos7PU2oH+GRYCEjWBtrUDty0SXyMvchazjN/AwV0G7mCHn5oFa3W/ZMaBWcBdRhoc6g9uUNY5JGVGjCsVJ9x060n2GpGeE0r3ipogkmEzyifYMCR1T52WyHHJ0aZ4jCWJojNJq5v19kOFJqGgXmZoT1WC1nhflf1k91eOFnTCSppoLMB4UpRzpGRSFoyCQlmk8NYCKZ+SsiYywx0aa2iinBWV55FXrtlmO3nFsbynAMJ9AAB87hCm6gA10g8AQv8Abv1rP1an3M6ypZi94O4Y+szx9965Ow</latexit><latexit sha1_base64="UiQzyrhXoJ6eSgX8fRC2cBdg5To=">AAAB+HicbZBPS8MwGMbfzn9zTp0e9RIcwgYy2l30IghePE5wq7DWkWbpFpamJUmFUQpe/CpePCjiJ/HmtzHddtDNBwI/nifhzfsECWdK2/a3VVpb39jcKm9Xdqq7e/u1g2pPxakktEtiHsv7ACvKmaBdzTSn94mkOAo4dYPJdZG7j1QqFos7PU2oH+GRYCEjWBtrUDty0SXyMvchazjN/AwV0G7mCHn5oFa3W/ZMaBWcBdRhoc6g9uUNY5JGVGjCsVJ9x060n2GpGeE0r3ipogkmEzyifYMCR1T52WyHHJ0aZ4jCWJojNJq5v19kOFJqGgXmZoT1WC1nhflf1k91eOFnTCSppoLMB4UpRzpGRSFoyCQlmk8NYCKZ+SsiYywx0aa2iinBWV55FXrtlmO3nFsbynAMJ9AAB87hCm6gA10g8AQv8Abv1rP1an3M6ypZi94O4Y+szx9965Ow</latexit><latexit sha1_base64="DyQ6oLv7Z3yuBs/V0H6G9WWKQLo=">AAACA3icbZBPS8MwGMZT/875r+pNL8EhbCAj3UUvwsCLxwluHWx1pFm6haVpSVJhlIIXv4oXD4p49Ut489uYbj3o5gOBH8/7vrx5Hz/mTGmEvq2V1bX1jc3SVnl7Z3dv3z447KgokYS2ScQj2fWxopwJ2tZMc9qNJcWhz6nrT67zuvtApWKRuNPTmHohHgkWMIK1sQb2sQuvYD9179OqU8vOYQ6NWgZhPxvYFVRHM8FlcAqogEKtgf3VH0YkCanQhGOleg6KtZdiqRnhNCv3E0VjTCZ4RHsGBQ6p8tLZDRk8M84QBpE0T2g4c39PpDhUahr6pjPEeqwWa7n5X62X6ODSS5mIE00FmS8KEg51BPNA4JBJSjSfGsBEMvNXSMZYYqJNbGUTgrN48jJ0GnUH1Z1bVGmiIo4SOAGnoAoccAGa4Aa0QBsQ8AiewSt4s56sF+vd+pi3rljFzBH4I+vzB+CDlQg=</latexit><latexit sha1_base64="sgfdHsyj4PmhIe/qsHPh+j275lA=">AAACA3icbZDNSsNAFIUn9a/Wv6g73QwWoQUpSRF0IxTcuKxgm0ITy2Q6aYdOJmFmIpQQcOOruHGhiFtfwp1v46TNQlsPDHycey937vFjRqWyrG+jtLK6tr5R3qxsbe/s7pn7B10ZJQKTDo5YJHo+koRRTjqKKkZ6sSAo9Blx/Ml1XnceiJA04ndqGhMvRCNOA4qR0tbAPHLgFXRT5z6t2fXsDObQrGcQutnArFoNaya4DHYBVVCoPTC/3GGEk5BwhRmSsm9bsfJSJBTFjGQVN5EkRniCRqSvkaOQSC+d3ZDBU+0MYRAJ/biCM/f3RIpCKaehrztDpMZysZab/9X6iQouvZTyOFGE4/miIGFQRTAPBA6pIFixqQaEBdV/hXiMBMJKx1bRIdiLJy9Dt9mwrYZ9e15tWUUcZXAMTkAN2OACtMANaIMOwOARPINX8GY8GS/Gu/Exby0Zxcwh+CPj8wfhw5UM</latexit><latexit sha1_base64="sgfdHsyj4PmhIe/qsHPh+j275lA=">AAACA3icbZDNSsNAFIUn9a/Wv6g73QwWoQUpSRF0IxTcuKxgm0ITy2Q6aYdOJmFmIpQQcOOruHGhiFtfwp1v46TNQlsPDHycey937vFjRqWyrG+jtLK6tr5R3qxsbe/s7pn7B10ZJQKTDo5YJHo+koRRTjqKKkZ6sSAo9Blx/Ml1XnceiJA04ndqGhMvRCNOA4qR0tbAPHLgFXRT5z6t2fXsDObQrGcQutnArFoNaya4DHYBVVCoPTC/3GGEk5BwhRmSsm9bsfJSJBTFjGQVN5EkRniCRqSvkaOQSC+d3ZDBU+0MYRAJ/biCM/f3RIpCKaehrztDpMZysZab/9X6iQouvZTyOFGE4/miIGFQRTAPBA6pIFixqQaEBdV/hXiMBMJKx1bRIdiLJy9Dt9mwrYZ9e15tWUUcZXAMTkAN2OACtMANaIMOwOARPINX8GY8GS/Gu/Exby0Zxcwh+CPj8wfhw5UM</latexit><latexit sha1_base64="sgfdHsyj4PmhIe/qsHPh+j275lA=">AAACA3icbZDNSsNAFIUn9a/Wv6g73QwWoQUpSRF0IxTcuKxgm0ITy2Q6aYdOJmFmIpQQcOOruHGhiFtfwp1v46TNQlsPDHycey937vFjRqWyrG+jtLK6tr5R3qxsbe/s7pn7B10ZJQKTDo5YJHo+koRRTjqKKkZ6sSAo9Blx/Ml1XnceiJA04ndqGhMvRCNOA4qR0tbAPHLgFXRT5z6t2fXsDObQrGcQutnArFoNaya4DHYBVVCoPTC/3GGEk5BwhRmSsm9bsfJSJBTFjGQVN5EkRniCRqSvkaOQSC+d3ZDBU+0MYRAJ/biCM/f3RIpCKaehrztDpMZysZab/9X6iQouvZTyOFGE4/miIGFQRTAPBA6pIFixqQaEBdV/hXiMBMJKx1bRIdiLJy9Dt9mwrYZ9e15tWUUcZXAMTkAN2OACtMANaIMOwOARPINX8GY8GS/Gu/Exby0Zxcwh+CPj8wfhw5UM</latexit><latexit sha1_base64="sgfdHsyj4PmhIe/qsHPh+j275lA=">AAACA3icbZDNSsNAFIUn9a/Wv6g73QwWoQUpSRF0IxTcuKxgm0ITy2Q6aYdOJmFmIpQQcOOruHGhiFtfwp1v46TNQlsPDHycey937vFjRqWyrG+jtLK6tr5R3qxsbe/s7pn7B10ZJQKTDo5YJHo+koRRTjqKKkZ6sSAo9Blx/Ml1XnceiJA04ndqGhMvRCNOA4qR0tbAPHLgFXRT5z6t2fXsDObQrGcQutnArFoNaya4DHYBVVCoPTC/3GGEk5BwhRmSsm9bsfJSJBTFjGQVN5EkRniCRqSvkaOQSC+d3ZDBU+0MYRAJ/biCM/f3RIpCKaehrztDpMZysZab/9X6iQouvZTyOFGE4/miIGFQRTAPBA6pIFixqQaEBdV/hXiMBMJKx1bRIdiLJy9Dt9mwrYZ9e15tWUUcZXAMTkAN2OACtMANaIMOwOARPINX8GY8GS/Gu/Exby0Zxcwh+CPj8wfhw5UM</latexit><latexit sha1_base64="sgfdHsyj4PmhIe/qsHPh+j275lA=">AAACA3icbZDNSsNAFIUn9a/Wv6g73QwWoQUpSRF0IxTcuKxgm0ITy2Q6aYdOJmFmIpQQcOOruHGhiFtfwp1v46TNQlsPDHycey937vFjRqWyrG+jtLK6tr5R3qxsbe/s7pn7B10ZJQKTDo5YJHo+koRRTjqKKkZ6sSAo9Blx/Ml1XnceiJA04ndqGhMvRCNOA4qR0tbAPHLgFXRT5z6t2fXsDObQrGcQutnArFoNaya4DHYBVVCoPTC/3GGEk5BwhRmSsm9bsfJSJBTFjGQVN5EkRniCRqSvkaOQSC+d3ZDBU+0MYRAJ/biCM/f3RIpCKaehrztDpMZysZab/9X6iQouvZTyOFGE4/miIGFQRTAPBA6pIFixqQaEBdV/hXiMBMJKx1bRIdiLJy9Dt9mwrYZ9e15tWUUcZXAMTkAN2OACtMANaIMOwOARPINX8GY8GS/Gu/Exby0Zxcwh+CPj8wfhw5UM</latexit><latexit sha1_base64="sgfdHsyj4PmhIe/qsHPh+j275lA=">AAACA3icbZDNSsNAFIUn9a/Wv6g73QwWoQUpSRF0IxTcuKxgm0ITy2Q6aYdOJmFmIpQQcOOruHGhiFtfwp1v46TNQlsPDHycey937vFjRqWyrG+jtLK6tr5R3qxsbe/s7pn7B10ZJQKTDo5YJHo+koRRTjqKKkZ6sSAo9Blx/Ml1XnceiJA04ndqGhMvRCNOA4qR0tbAPHLgFXRT5z6t2fXsDObQrGcQutnArFoNaya4DHYBVVCoPTC/3GGEk5BwhRmSsm9bsfJSJBTFjGQVN5EkRniCRqSvkaOQSC+d3ZDBU+0MYRAJ/biCM/f3RIpCKaehrztDpMZysZab/9X6iQouvZTyOFGE4/miIGFQRTAPBA6pIFixqQaEBdV/hXiMBMJKx1bRIdiLJy9Dt9mwrYZ9e15tWUUcZXAMTkAN2OACtMANaIMOwOARPINX8GY8GS/Gu/Exby0Zxcwh+CPj8wfhw5UM</latexit>

b = {b(1), b(2)}
<latexit sha1_base64="KwO+ITxAQe2WQOdZK+RdiTbPVkE=">AAACA3icbZDLSsNAFIZP6q3WW9SdbgaL0IKUpAi6EQpuXFawF2himUyn7dDJhZmJUELAja/ixoUibn0Jd76NkzYLbf1h4OM/53Dm/F7EmVSW9W0UVlbX1jeKm6Wt7Z3dPXP/oC3DWBDaIiEPRdfDknIW0JZiitNuJCj2PU473uQ6q3ceqJAsDO7UNKKuj0cBGzKClbb65pGHrpCTePdJxa6mZyiDejVFyEn7ZtmqWTOhZbBzKEOuZt/8cgYhiX0aKMKxlD3bipSbYKEY4TQtObGkESYTPKI9jQH2qXST2Q0pOtXOAA1DoV+g0Mz9PZFgX8qp7+lOH6uxXKxl5n+1XqyGl27CgihWNCDzRcOYIxWiLBA0YIISxacaMBFM/xWRMRaYKB1bSYdgL568DO16zbZq9u15uWHlcRThGE6gAjZcQANuoAktIPAIz/AKb8aT8WK8Gx/z1oKRzxzCHxmfPxYolS0=</latexit><latexit sha1_base64="KwO+ITxAQe2WQOdZK+RdiTbPVkE=">AAACA3icbZDLSsNAFIZP6q3WW9SdbgaL0IKUpAi6EQpuXFawF2himUyn7dDJhZmJUELAja/ixoUibn0Jd76NkzYLbf1h4OM/53Dm/F7EmVSW9W0UVlbX1jeKm6Wt7Z3dPXP/oC3DWBDaIiEPRdfDknIW0JZiitNuJCj2PU473uQ6q3ceqJAsDO7UNKKuj0cBGzKClbb65pGHrpCTePdJxa6mZyiDejVFyEn7ZtmqWTOhZbBzKEOuZt/8cgYhiX0aKMKxlD3bipSbYKEY4TQtObGkESYTPKI9jQH2qXST2Q0pOtXOAA1DoV+g0Mz9PZFgX8qp7+lOH6uxXKxl5n+1XqyGl27CgihWNCDzRcOYIxWiLBA0YIISxacaMBFM/xWRMRaYKB1bSYdgL568DO16zbZq9u15uWHlcRThGE6gAjZcQANuoAktIPAIz/AKb8aT8WK8Gx/z1oKRzxzCHxmfPxYolS0=</latexit><latexit sha1_base64="KwO+ITxAQe2WQOdZK+RdiTbPVkE=">AAACA3icbZDLSsNAFIZP6q3WW9SdbgaL0IKUpAi6EQpuXFawF2himUyn7dDJhZmJUELAja/ixoUibn0Jd76NkzYLbf1h4OM/53Dm/F7EmVSW9W0UVlbX1jeKm6Wt7Z3dPXP/oC3DWBDaIiEPRdfDknIW0JZiitNuJCj2PU473uQ6q3ceqJAsDO7UNKKuj0cBGzKClbb65pGHrpCTePdJxa6mZyiDejVFyEn7ZtmqWTOhZbBzKEOuZt/8cgYhiX0aKMKxlD3bipSbYKEY4TQtObGkESYTPKI9jQH2qXST2Q0pOtXOAA1DoV+g0Mz9PZFgX8qp7+lOH6uxXKxl5n+1XqyGl27CgihWNCDzRcOYIxWiLBA0YIISxacaMBFM/xWRMRaYKB1bSYdgL568DO16zbZq9u15uWHlcRThGE6gAjZcQANuoAktIPAIz/AKb8aT8WK8Gx/z1oKRzxzCHxmfPxYolS0=</latexit><latexit sha1_base64="KwO+ITxAQe2WQOdZK+RdiTbPVkE=">AAACA3icbZDLSsNAFIZP6q3WW9SdbgaL0IKUpAi6EQpuXFawF2himUyn7dDJhZmJUELAja/ixoUibn0Jd76NkzYLbf1h4OM/53Dm/F7EmVSW9W0UVlbX1jeKm6Wt7Z3dPXP/oC3DWBDaIiEPRdfDknIW0JZiitNuJCj2PU473uQ6q3ceqJAsDO7UNKKuj0cBGzKClbb65pGHrpCTePdJxa6mZyiDejVFyEn7ZtmqWTOhZbBzKEOuZt/8cgYhiX0aKMKxlD3bipSbYKEY4TQtObGkESYTPKI9jQH2qXST2Q0pOtXOAA1DoV+g0Mz9PZFgX8qp7+lOH6uxXKxl5n+1XqyGl27CgihWNCDzRcOYIxWiLBA0YIISxacaMBFM/xWRMRaYKB1bSYdgL568DO16zbZq9u15uWHlcRThGE6gAjZcQANuoAktIPAIz/AKb8aT8WK8Gx/z1oKRzxzCHxmfPxYolS0=</latexit>

a(2) = f(W (1)x+ b(1))
<latexit sha1_base64="SkfubI2f1Rfv5V4DOEEdsG3G064=">AAACCnicbZDLSgMxFIbPeK31NurSTbQILUKZKYJuhIIblxXsBdqxZNJMG5q5kGTEMszaja/ixoUibn0Cd76NmXYW2vpD4Mt/ziE5vxtxJpVlfRtLyyura+uFjeLm1vbOrrm335JhLAhtkpCHouNiSTkLaFMxxWknEhT7Lqdtd3yV1dv3VEgWBrdqElHHx8OAeYxgpa2+eYTvknKtkqJLhLxyW1/sSvqATpE7w0qxb5asqjUVWgQ7hxLkavTNr94gJLFPA0U4lrJrW5FyEiwUI5ymxV4saYTJGA9pV2OAfSqdZLpKik60M0BeKPQJFJq6vycS7Es58V3d6WM1kvO1zPyv1o2Vd+EkLIhiRQMye8iLOVIhynJBAyYoUXyiARPB9F8RGWGBidLpZSHY8ysvQqtWta2qfXNWqlt5HAU4hGMogw3nUIdraEATCDzCM7zCm/FkvBjvxsesdcnIZw7gj4zPH1N0lsc=</latexit><latexit sha1_base64="SkfubI2f1Rfv5V4DOEEdsG3G064=">AAACCnicbZDLSgMxFIbPeK31NurSTbQILUKZKYJuhIIblxXsBdqxZNJMG5q5kGTEMszaja/ixoUibn0Cd76NmXYW2vpD4Mt/ziE5vxtxJpVlfRtLyyura+uFjeLm1vbOrrm335JhLAhtkpCHouNiSTkLaFMxxWknEhT7Lqdtd3yV1dv3VEgWBrdqElHHx8OAeYxgpa2+eYTvknKtkqJLhLxyW1/sSvqATpE7w0qxb5asqjUVWgQ7hxLkavTNr94gJLFPA0U4lrJrW5FyEiwUI5ymxV4saYTJGA9pV2OAfSqdZLpKik60M0BeKPQJFJq6vycS7Es58V3d6WM1kvO1zPyv1o2Vd+EkLIhiRQMye8iLOVIhynJBAyYoUXyiARPB9F8RGWGBidLpZSHY8ysvQqtWta2qfXNWqlt5HAU4hGMogw3nUIdraEATCDzCM7zCm/FkvBjvxsesdcnIZw7gj4zPH1N0lsc=</latexit><latexit sha1_base64="SkfubI2f1Rfv5V4DOEEdsG3G064=">AAACCnicbZDLSgMxFIbPeK31NurSTbQILUKZKYJuhIIblxXsBdqxZNJMG5q5kGTEMszaja/ixoUibn0Cd76NmXYW2vpD4Mt/ziE5vxtxJpVlfRtLyyura+uFjeLm1vbOrrm335JhLAhtkpCHouNiSTkLaFMxxWknEhT7Lqdtd3yV1dv3VEgWBrdqElHHx8OAeYxgpa2+eYTvknKtkqJLhLxyW1/sSvqATpE7w0qxb5asqjUVWgQ7hxLkavTNr94gJLFPA0U4lrJrW5FyEiwUI5ymxV4saYTJGA9pV2OAfSqdZLpKik60M0BeKPQJFJq6vycS7Es58V3d6WM1kvO1zPyv1o2Vd+EkLIhiRQMye8iLOVIhynJBAyYoUXyiARPB9F8RGWGBidLpZSHY8ysvQqtWta2qfXNWqlt5HAU4hGMogw3nUIdraEATCDzCM7zCm/FkvBjvxsesdcnIZw7gj4zPH1N0lsc=</latexit><latexit sha1_base64="SkfubI2f1Rfv5V4DOEEdsG3G064=">AAACCnicbZDLSgMxFIbPeK31NurSTbQILUKZKYJuhIIblxXsBdqxZNJMG5q5kGTEMszaja/ixoUibn0Cd76NmXYW2vpD4Mt/ziE5vxtxJpVlfRtLyyura+uFjeLm1vbOrrm335JhLAhtkpCHouNiSTkLaFMxxWknEhT7Lqdtd3yV1dv3VEgWBrdqElHHx8OAeYxgpa2+eYTvknKtkqJLhLxyW1/sSvqATpE7w0qxb5asqjUVWgQ7hxLkavTNr94gJLFPA0U4lrJrW5FyEiwUI5ymxV4saYTJGA9pV2OAfSqdZLpKik60M0BeKPQJFJq6vycS7Es58V3d6WM1kvO1zPyv1o2Vd+EkLIhiRQMye8iLOVIhynJBAyYoUXyiARPB9F8RGWGBidLpZSHY8ysvQqtWta2qfXNWqlt5HAU4hGMogw3nUIdraEATCDzCM7zCm/FkvBjvxsesdcnIZw7gj4zPH1N0lsc=</latexit>

x̂ ⌘ hW,b(x) = f(W (2)a(2) + b(2))
<latexit sha1_base64="lkZDh1pZX7xMmHieT3qemoarlUg="></latexit><latexit sha1_base64="lkZDh1pZX7xMmHieT3qemoarlUg="></latexit><latexit sha1_base64="lkZDh1pZX7xMmHieT3qemoarlUg="></latexit><latexit sha1_base64="lkZDh1pZX7xMmHieT3qemoarlUg="></latexit>

x̂ ⌘ hW,b(x) ⇡ x
<latexit sha1_base64="Ss1N0yoWj+ympOhl50Icf+1JSI4=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1WoICURQZcFNy4r2Ac0IUymk2bo5OHMpKSE/IAbf8WNC0Xcunfn3zhps9DWAxcO59zLvfe4MaNCGsa3VllZXVvfqG7WtrZ3dvf0/YOuiBKOSQdHLOJ9FwnCaEg6kkpG+jEnKHAZ6bnjm8LvTQgXNArv5TQmdoBGIfUoRlJJjn5i+UhmaQ4t8pDQCfSdrHfu5o30DFoojnmUwrTm6HWjacwAl4lZkjoo0Xb0L2sY4SQgocQMCTEwjVjaGeKSYkbympUIEiM8RiMyUDREARF2Nvsmh6dKGUIv4qpCCWfq74kMBUJMA1d1Bkj6YtErxP+8QSK9azujYZxIEuL5Ii9hUEawiAYOKSdYsqkiCHOqboXYRxxhqQIsQjAXX14m3YumaTTNu8t6yyjjqIIjcAwawARXoAVuQRt0AAaP4Bm8gjftSXvR3rWPeWtFK2cOwR9onz9GJ5r1</latexit><latexit sha1_base64="Ss1N0yoWj+ympOhl50Icf+1JSI4=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1WoICURQZcFNy4r2Ac0IUymk2bo5OHMpKSE/IAbf8WNC0Xcunfn3zhps9DWAxcO59zLvfe4MaNCGsa3VllZXVvfqG7WtrZ3dvf0/YOuiBKOSQdHLOJ9FwnCaEg6kkpG+jEnKHAZ6bnjm8LvTQgXNArv5TQmdoBGIfUoRlJJjn5i+UhmaQ4t8pDQCfSdrHfu5o30DFoojnmUwrTm6HWjacwAl4lZkjoo0Xb0L2sY4SQgocQMCTEwjVjaGeKSYkbympUIEiM8RiMyUDREARF2Nvsmh6dKGUIv4qpCCWfq74kMBUJMA1d1Bkj6YtErxP+8QSK9azujYZxIEuL5Ii9hUEawiAYOKSdYsqkiCHOqboXYRxxhqQIsQjAXX14m3YumaTTNu8t6yyjjqIIjcAwawARXoAVuQRt0AAaP4Bm8gjftSXvR3rWPeWtFK2cOwR9onz9GJ5r1</latexit><latexit sha1_base64="Ss1N0yoWj+ympOhl50Icf+1JSI4=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1WoICURQZcFNy4r2Ac0IUymk2bo5OHMpKSE/IAbf8WNC0Xcunfn3zhps9DWAxcO59zLvfe4MaNCGsa3VllZXVvfqG7WtrZ3dvf0/YOuiBKOSQdHLOJ9FwnCaEg6kkpG+jEnKHAZ6bnjm8LvTQgXNArv5TQmdoBGIfUoRlJJjn5i+UhmaQ4t8pDQCfSdrHfu5o30DFoojnmUwrTm6HWjacwAl4lZkjoo0Xb0L2sY4SQgocQMCTEwjVjaGeKSYkbympUIEiM8RiMyUDREARF2Nvsmh6dKGUIv4qpCCWfq74kMBUJMA1d1Bkj6YtErxP+8QSK9azujYZxIEuL5Ii9hUEawiAYOKSdYsqkiCHOqboXYRxxhqQIsQjAXX14m3YumaTTNu8t6yyjjqIIjcAwawARXoAVuQRt0AAaP4Bm8gjftSXvR3rWPeWtFK2cOwR9onz9GJ5r1</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="/O20LAr/XYeu12TyM8blHMAbEkY=">AAACAnicbZDNSsNAFIVv/K21anTrZrAKFaQkbnQpuHFZwf5AU8JkOmmGTiZxZlJSQl7Aja/ixoUiPoQ738ak7UJbDwx8nDPDnXu8mDOlLevbWFvf2NzaruxUd2t7+wfmYa2jokQS2iYRj2TPw4pyJmhbM81pL5YUhx6nXW98W+bdCZWKReJBT2M6CPFIMJ8RrAvLNU+dAOsszZFDHxM2QYGbdS+8vJGeIwfHsYxSlFZds241rZnQKtgLqMNCLdf8coYRSUIqNOFYqb5txXqQYakZ4TSvOomiMSZjPKL9AgUOqRpks21ydFY4Q+RHsjhCo5n7+0WGQ6WmoVfcDLEO1HJWmv9l/UT714OMiTjRVJD5ID/hSEeorAYNmaRE82kBmEhW/BWRAEtMdFFgWYK9vPIqdC6bttW07y2owDGcQANsuIIbuIMWtIHAE7zAG7wbz8ar8TGva81Y9HYEf2R8/gCjCZmP</latexit><latexit sha1_base64="/O20LAr/XYeu12TyM8blHMAbEkY=">AAACAnicbZDNSsNAFIVv/K21anTrZrAKFaQkbnQpuHFZwf5AU8JkOmmGTiZxZlJSQl7Aja/ixoUiPoQ738ak7UJbDwx8nDPDnXu8mDOlLevbWFvf2NzaruxUd2t7+wfmYa2jokQS2iYRj2TPw4pyJmhbM81pL5YUhx6nXW98W+bdCZWKReJBT2M6CPFIMJ8RrAvLNU+dAOsszZFDHxM2QYGbdS+8vJGeIwfHsYxSlFZds241rZnQKtgLqMNCLdf8coYRSUIqNOFYqb5txXqQYakZ4TSvOomiMSZjPKL9AgUOqRpks21ydFY4Q+RHsjhCo5n7+0WGQ6WmoVfcDLEO1HJWmv9l/UT714OMiTjRVJD5ID/hSEeorAYNmaRE82kBmEhW/BWRAEtMdFFgWYK9vPIqdC6bttW07y2owDGcQANsuIIbuIMWtIHAE7zAG7wbz8ar8TGva81Y9HYEf2R8/gCjCZmP</latexit><latexit sha1_base64="en1vitt8YC5WsJ1t7r7uAJrIndg=">AAACDXicbVDLSsNAFJ34rPUVdelmsAoVpCRudFlw47KCfUATwmQ6aYdOJnFmUlJCfsCNv+LGhSJu3bvzb5y0WWjrgQuHc+7l3nv8mFGpLOvbWFldW9/YrGxVt3d29/bNg8OOjBKBSRtHLBI9H0nCKCdtRRUjvVgQFPqMdP3xTeF3J0RIGvF7NY2JG6IhpwHFSGnJM0+dEVJZmkOHPCR0Akde1r3w83p6Dh0UxyJKYVr1zJrVsGaAy8QuSQ2UaHnmlzOIcBISrjBDUvZtK1ZuhoSimJG86iSSxAiP0ZD0NeUoJNLNZt/k8EwrAxhEQhdXcKb+nshQKOU09HVniNRILnqF+J/XT1Rw7WaUx4kiHM8XBQmDKoJFNHBABcGKTTVBWFB9K8QjJBBWOsAiBHvx5WXSuWzYVsO+s2pNq4yjAo7BCagDG1yBJrgFLdAGGDyCZ/AK3own48V4Nz7mrStGOXME/sD4/AFE55rx</latexit><latexit sha1_base64="Ss1N0yoWj+ympOhl50Icf+1JSI4=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1WoICURQZcFNy4r2Ac0IUymk2bo5OHMpKSE/IAbf8WNC0Xcunfn3zhps9DWAxcO59zLvfe4MaNCGsa3VllZXVvfqG7WtrZ3dvf0/YOuiBKOSQdHLOJ9FwnCaEg6kkpG+jEnKHAZ6bnjm8LvTQgXNArv5TQmdoBGIfUoRlJJjn5i+UhmaQ4t8pDQCfSdrHfu5o30DFoojnmUwrTm6HWjacwAl4lZkjoo0Xb0L2sY4SQgocQMCTEwjVjaGeKSYkbympUIEiM8RiMyUDREARF2Nvsmh6dKGUIv4qpCCWfq74kMBUJMA1d1Bkj6YtErxP+8QSK9azujYZxIEuL5Ii9hUEawiAYOKSdYsqkiCHOqboXYRxxhqQIsQjAXX14m3YumaTTNu8t6yyjjqIIjcAwawARXoAVuQRt0AAaP4Bm8gjftSXvR3rWPeWtFK2cOwR9onz9GJ5r1</latexit><latexit sha1_base64="Ss1N0yoWj+ympOhl50Icf+1JSI4=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1WoICURQZcFNy4r2Ac0IUymk2bo5OHMpKSE/IAbf8WNC0Xcunfn3zhps9DWAxcO59zLvfe4MaNCGsa3VllZXVvfqG7WtrZ3dvf0/YOuiBKOSQdHLOJ9FwnCaEg6kkpG+jEnKHAZ6bnjm8LvTQgXNArv5TQmdoBGIfUoRlJJjn5i+UhmaQ4t8pDQCfSdrHfu5o30DFoojnmUwrTm6HWjacwAl4lZkjoo0Xb0L2sY4SQgocQMCTEwjVjaGeKSYkbympUIEiM8RiMyUDREARF2Nvsmh6dKGUIv4qpCCWfq74kMBUJMA1d1Bkj6YtErxP+8QSK9azujYZxIEuL5Ii9hUEawiAYOKSdYsqkiCHOqboXYRxxhqQIsQjAXX14m3YumaTTNu8t6yyjjqIIjcAwawARXoAVuQRt0AAaP4Bm8gjftSXvR3rWPeWtFK2cOwR9onz9GJ5r1</latexit><latexit sha1_base64="Ss1N0yoWj+ympOhl50Icf+1JSI4=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1WoICURQZcFNy4r2Ac0IUymk2bo5OHMpKSE/IAbf8WNC0Xcunfn3zhps9DWAxcO59zLvfe4MaNCGsa3VllZXVvfqG7WtrZ3dvf0/YOuiBKOSQdHLOJ9FwnCaEg6kkpG+jEnKHAZ6bnjm8LvTQgXNArv5TQmdoBGIfUoRlJJjn5i+UhmaQ4t8pDQCfSdrHfu5o30DFoojnmUwrTm6HWjacwAl4lZkjoo0Xb0L2sY4SQgocQMCTEwjVjaGeKSYkbympUIEiM8RiMyUDREARF2Nvsmh6dKGUIv4qpCCWfq74kMBUJMA1d1Bkj6YtErxP+8QSK9azujYZxIEuL5Ii9hUEawiAYOKSdYsqkiCHOqboXYRxxhqQIsQjAXX14m3YumaTTNu8t6yyjjqIIjcAwawARXoAVuQRt0AAaP4Bm8gjftSXvR3rWPeWtFK2cOwR9onz9GJ5r1</latexit><latexit sha1_base64="Ss1N0yoWj+ympOhl50Icf+1JSI4=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1WoICURQZcFNy4r2Ac0IUymk2bo5OHMpKSE/IAbf8WNC0Xcunfn3zhps9DWAxcO59zLvfe4MaNCGsa3VllZXVvfqG7WtrZ3dvf0/YOuiBKOSQdHLOJ9FwnCaEg6kkpG+jEnKHAZ6bnjm8LvTQgXNArv5TQmdoBGIfUoRlJJjn5i+UhmaQ4t8pDQCfSdrHfu5o30DFoojnmUwrTm6HWjacwAl4lZkjoo0Xb0L2sY4SQgocQMCTEwjVjaGeKSYkbympUIEiM8RiMyUDREARF2Nvsmh6dKGUIv4qpCCWfq74kMBUJMA1d1Bkj6YtErxP+8QSK9azujYZxIEuL5Ii9hUEawiAYOKSdYsqkiCHOqboXYRxxhqQIsQjAXX14m3YumaTTNu8t6yyjjqIIjcAwawARXoAVuQRt0AAaP4Bm8gjftSXvR3rWPeWtFK2cOwR9onz9GJ5r1</latexit><latexit sha1_base64="Ss1N0yoWj+ympOhl50Icf+1JSI4=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1WoICURQZcFNy4r2Ac0IUymk2bo5OHMpKSE/IAbf8WNC0Xcunfn3zhps9DWAxcO59zLvfe4MaNCGsa3VllZXVvfqG7WtrZ3dvf0/YOuiBKOSQdHLOJ9FwnCaEg6kkpG+jEnKHAZ6bnjm8LvTQgXNArv5TQmdoBGIfUoRlJJjn5i+UhmaQ4t8pDQCfSdrHfu5o30DFoojnmUwrTm6HWjacwAl4lZkjoo0Xb0L2sY4SQgocQMCTEwjVjaGeKSYkbympUIEiM8RiMyUDREARF2Nvsmh6dKGUIv4qpCCWfq74kMBUJMA1d1Bkj6YtErxP+8QSK9azujYZxIEuL5Ii9hUEawiAYOKSdYsqkiCHOqboXYRxxhqQIsQjAXX14m3YumaTTNu8t6yyjjqIIjcAwawARXoAVuQRt0AAaP4Bm8gjftSXvR3rWPeWtFK2cOwR9onz9GJ5r1</latexit><latexit sha1_base64="Ss1N0yoWj+ympOhl50Icf+1JSI4=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1WoICURQZcFNy4r2Ac0IUymk2bo5OHMpKSE/IAbf8WNC0Xcunfn3zhps9DWAxcO59zLvfe4MaNCGsa3VllZXVvfqG7WtrZ3dvf0/YOuiBKOSQdHLOJ9FwnCaEg6kkpG+jEnKHAZ6bnjm8LvTQgXNArv5TQmdoBGIfUoRlJJjn5i+UhmaQ4t8pDQCfSdrHfu5o30DFoojnmUwrTm6HWjacwAl4lZkjoo0Xb0L2sY4SQgocQMCTEwjVjaGeKSYkbympUIEiM8RiMyUDREARF2Nvsmh6dKGUIv4qpCCWfq74kMBUJMA1d1Bkj6YtErxP+8QSK9azujYZxIEuL5Ii9hUEawiAYOKSdYsqkiCHOqboXYRxxhqQIsQjAXX14m3YumaTTNu8t6yyjjqIIjcAwawARXoAVuQRt0AAaP4Bm8gjftSXvR3rWPeWtFK2cOwR9onz9GJ5r1</latexit>
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autoencoders
• AutoRec uses an autoencoder on ratings for each item (item-

based input) shown below
• can also operate on ratings for each user (user-based input)
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ABSTRACT
This paper proposes AutoRec, a novel autoencoder frame-
work for collaborative filtering (CF). Empirically, AutoRec’s
compact and e�ciently trainable model outperforms state-
of-the-art CF techniques (biased matrix factorization, RBM-
CF and LLORMA) on the Movielens and Netflix datasets.

Categories and Subject Descriptors D.2.8 [Informa-

tion Storage and Retrieval]Information Filtering

Keywords Recommender Systems; Collaborative Filtering;
Autoencoders

1. INTRODUCTION
Collaborative filtering (CF) models aim to exploit infor-

mation about users’ preferences for items (e.g. star ratings)
to provide personalised recommendations. Owing to the
Netflix challenge, a panoply of di↵erent CF models have
been proposed, with popular choices being matrix factori-
sation [1, 2] and neighbourhood models [5]. This paper
proposes AutoRec, a new CF model based on the autoen-
coder paradigm; our interest in this paradigm stems from
the recent successes of (deep) neural network models for vi-
sion and speech tasks. We argue that AutoRec has represen-
tational and computational advantages over existing neural
approaches to CF [4], and demonstrate empirically that it
outperforms the current state-of-the-art methods.

2. THE AUTOREC MODEL
In rating-based collaborative filtering, we have m users,

n items, and a partially observed user-item rating matrix
R 2 Rm⇥n. Each user u 2 U = {1 . . .m} can be represented
by a partially observed vector r

(u) = (Ru1, . . . Run) 2 Rn.
Similarly, each item i 2 I = {1 . . . n} can be represented
by a partially observed vector r

(i) = (R1i, . . . Rmi) 2 Rm.
Our aim in this work is to design an item-based (user-based)
autoencoder which can take as input each partially observed
r
(i) (r(u)), project it into a low-dimensional latent (hidden)
space, and then reconstruct r

(i) (r(u)) in the output space
to predict missing ratings for purposes of recommendation.

Formally, given a set S of vectors in Rd, and some k 2 N+,
an autoencoder solves

min
✓

X

r2S

||r� h(r; ✓)||22, (1)
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Figure 1: Item-based AutoRec model. We use plate notation
to indicate that there are n copies of the neural network (one
for each item), where W and V are tied across all copies.

where h(r; ✓) is the reconstruction of input r 2 Rd,

h(r; ✓) = f (W · g(Vr+ µ) + b)

for activation functions f(·), g(·). Here, ✓ = {W,V,µ, b}
for transformations W 2 Rd⇥k,V 2 Rk⇥d, and biases µ 2
Rk,b 2 Rd. This objective corresponds to an auto-associative
neural network with a single, k-dimensional hidden layer.
The parameters ✓ are learned using backpropagation.
The item-based AutoRec model, shown in Figure 1, ap-

plies an autoencoder as per Equation 1 to the set of vectors
{r(i)}ni=1, with two important changes. First, we account for
the fact that each r

(i) is partially observed by only updating
during backpropagation those weights that are associated
with observed inputs, as is common in matrix factorisation
and RBM approaches. Second, we regularise the learned pa-
rameters so as to prevent overfitting on the observed ratings.
Formally, the objective function for the Item-based AutoRec
(I-AutoRec) model is, for regularisation strength � > 0,

min
✓

nX

i=1

||r(i) � h(r(i); ✓))||2O +
�
2
· (||W||2F + ||V||2F ), (2)

where || · ||2O means that we only consider the contribution
of observed ratings. User-based AutoRec (U-AutoRec) is
derived by working with {r(u)}mu=1. In total, I-AutoRec re-
quires the estimation of 2mk + m + k parameters. Given
learned parameters ✓̂, I-AutoRec’s predicted rating for user
u and item i is

R̂ui = (h(r(i); ✓̂))u. (3)

Figure 1 illustrates the model, with shaded nodes corre-
sponding to observed ratings, and solid connections corre-
sponding to weights that are updated for the input r(i).

input = 
rating vector 
for item

output = 
predicted 
rating vector 
for item

shaded are the users that rated the item

hidden 
layer with k
units



• CDAE use denoising autoencoders 
for implicit feedback datasets
• denoising autoencoders are 

like autoencoders but learn over 
corrupted (by noise) input

• CDAE accepts user-based inputs
plus a one-hot encoding of the target 
user
• each example contains the 

clicks of the target user
• hidden layer of k units
• output is the prediction of clicks of 

the target user

23
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neural networks
• neural-network based approaches are more generic than 

matrix factorization

• question: how can you implement matrix factorization as a 
neural network?

24



matrix factorization as a neural network
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<latexit sha1_base64="m/xxJ4kD8ilb27fTo7Ez4e1Q0yQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI4kXjxCIo8ENmR26IWR2dnNzKyREL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj27nffkSleSzvzSRBP6JDyUPOqLFS46lfLLlldwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1Y9adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyd1WuNK5LtWoWRx7O4BwuwYMbqMEd1KEJDBCe4RXenAfnxXl3PpatOSebOYU/cD5/AOSFjPY=</latexit>

z = Qx
<latexit sha1_base64="isiguqtmP+SUXHjcsttFr50T78k=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtgr0IBS8eW7Af0C4lm2bb2GyyJFmxLv0PXjwo4tX/481/Y9ruQVsfDDzem2FmXhBzpo3rfju5tfWNza38dmFnd2//oHh41NIyUYQ2ieRSdQKsKWeCNg0znHZiRXEUcNoOxjczv/1AlWZS3JlJTP0IDwULGcHGSq0ndI0aj/1iyS27c6BV4mWkBBnq/eJXbyBJElFhCMdadz03Nn6KlWGE02mhl2gaYzLGQ9q1VOCIaj+dXztFZ1YZoFAqW8Kgufp7IsWR1pMosJ0RNiO97M3E/7xuYsKqnzIRJ4YKslgUJhwZiWavowFTlBg+sQQTxeytiIywwsTYgAo2BG/55VXSqpS9i3KlcVmqVbM48nACp3AOHlxBDW6hDk0gcA/P8ApvjnRenHfnY9Gac7KZY/gD5/MHkoSOcA==</latexit>

y = P |z = P |Qx
<latexit sha1_base64="BgJtmZ8tQX5VbtWU8VMqr3jXleQ=">AAACC3icbVC7SgNBFJ31GeNr1dJmSBCswm4UTCMEbCwTMA9IYpid3E2GzM4uM7PiuqS38VdsLBSx9Qfs/BsnyRaaeODCmXPuZe49XsSZ0o7zba2srq1vbOa28ts7u3v79sFhU4WxpNCgIQ9l2yMKOBPQ0ExzaEcSSOBxaHnjq6nfugOpWChudBJBLyBDwXxGiTZS3y4k+BLXbrtMaJCUcPyw8K7f9+2iU3JmwMvEzUgRZaj17a/uIKRxAEJTTpTquE6keymRmlEOk3w3VhAROiZD6BgqSACql85umeATowywH0pTQuOZ+nsiJYFSSeCZzoDokVr0puJ/XifWfqWXMhHFGgSdf+THHOsQT4PBAyaBap4YQqhkZldMR0QSaoJQeROCu3jyMmmWS+5ZqVw/L1YrWRw5dIwK6BS56AJV0TWqoQai6BE9o1f0Zj1ZL9a79TFvXbGymSP0B9bnD95Kmac=</latexit>

if input is 1-hot 
encoding of item i

then the u-th output is 
the predicted rating of 
item i for user u
yu = P |

uQi = r̂ui
<latexit sha1_base64="3bssHwft65tXGEdwg/kNFnAoOiI=">AAACD3icbVDLSsNAFJ34rPUVdelmsCiuSlIFuxEKbly2YB/QxDCZTtqhk0mYhxBC/8CNv+LGhSJu3brzb5y2WWjrgQtnzrmXufeEKaNSOc63tbK6tr6xWdoqb+/s7u3bB4cdmWiBSRsnLBG9EEnCKCdtRRUjvVQQFIeMdMPxzdTvPhAhacLvVJYSP0ZDTiOKkTJSYJ9lgYbXsHnvUa6IwIiZdyugRvNGSOViEuSaTgK74lSdGeAycQtSAQWagf3lDRKsY8IVZkjKvuukys+RUBQzMil7WpIU4TEakr6hHMVE+vnsngk8NcoARokwxRWcqb8nchRLmcWh6YyRGslFbyr+5/W1iup+TnmqFeF4/lGkGVQJnIYDB1QQrFhmCMKCml0hHiGBsIlGlk0I7uLJy6RTq7oX1VrrstKoF3GUwDE4AefABVegAW5BE7QBBo/gGbyCN+vJerHerY9564pVzByBP7A+fwAOGZwJ</latexit>

• ignore biases
• assume linear activations



Handling Implicit Feedback
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the challenge with implicit feedback data
• assume binary implicit feedback; ratings matrix contains only 1s
• how do you train a matrix factorization model?

• option 1. Ignore missing ratings; just as standard MF
• what does the model learn if all it sees are 1s?
• it will learn to predict just 1s!

• option 2. Treat missing ratings as 0s (negative feedback); learn 
from all ratings
• a better option, but what would a perfect model learn?
• predict 1 to known ratings and 0 to missing ratings
• not what we want

27



the challenge with implicit feedback data
• option 2 is the only way to go

• we just need to avoid learning to predict just 0s for the 
missing ratings and 1s for the observed ratings
• some small changes to the matrix factorization idea

• two different methods:
• weighted matrix factorization
• Bayesian personalized ranking

28



Weighted Matrix Factorization 
(WMF)
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confidence in ratings
• how confident can we be that a 1 is a positive feedback?
• not much; e.g., the user might buy an item and:
• not like it -> negative
• like it -> positive

• similarly, how confident are we that 0 is a negative
feedback?
• not much; e.g., the user might not buy an item because:
• they are not aware of it -> could be positive or negative
• they are aware of it and chose not to buy it -> negative

30



confidence in ratings
• better questions to pose

• when can we increase our confidence that a 1 is a positive
feedback?
• if we have non-binary feedback; e.g., more plays of a song means likely 

more positive
• if we have other external sources of information

• when can we increase our confidence that 0 is a negative 
feedback?
• if we know that the item was recommended/viewed but was not clicked
• if we assume that popular items are well-known
• if we have other external sources of information

• in general, we assume that we have a confidence weight 𝑤"# in the 
observed or missing rating of item 𝑖 by user 𝑢

31



possible definitions of confidence weights
for observed feedback
• let 𝑐"# denote the count feedback associated with that user-item pair 

(rating 𝑟"# is still binary)
• e.g., 𝑐!" is the number of views/plays etc.

• then we can set 𝑤"# = 1 + 𝛼 ⋅ 𝑐"#
• higher count à more confidence in positive feedback

for missing feedback
• let 𝑓# denote the popularity of item 𝑖
• then we can set 𝑤"# = 𝑤 ⋅ $!

"

∑# $#
"

• where 𝑤 is a fixed term; exponent 𝛼 controls the significance of popularity
• higher popularity à more confidence in negative feedback

32
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weighted matrix factorization
• prediction formula remains the same (ignore bias terms):

�̂�!" = 𝑞"⊺ 𝑝!
• so we still need to learn parameters in 𝑃, 𝑄
• but the cost becomes:

𝐽 =
1

𝑛 ⋅ 𝑚
.
!,"

𝑤!" 𝑒!"% + 𝜆(‖𝑃‖% + ‖𝑄‖%)

33

• with two changes
• confidence weights
• the sum is over observed (1s) and missing (0s) feedback

• not only the observed as in standard MF

confidence weights
sum over all 

user-item pairs



weighted matrix factorization

𝐽 =
1

𝑛 ⋅ 𝑚
.
!,"

𝑤!" 𝑒!"% + 𝜆(‖𝑃‖% + ‖𝑄‖%)

• how do the weights affect the learning?
• when confidence is high, we care a lot about the error
• when confidence is low, we are more tolerant to errors

• to learn the user and item factors
• one can use SGD
• or an efficient version of ALS
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Bayesian personalized 
ranking (BPR)
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consider pairs of items
• assumption: an item (implicitly) rated by a user is preferred

over a non-rated item

• in other words, for any pair of items i, j:
• if both are rated, then no preference is expressed
• if both are not rated, then no preference is expressed
• if only one is rated, then one is preferred over the other:

e.g., i > j
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learning over pairs of items
• training examples are triples              where
• the goal is to learn a function that predicts 1 for such triples

• specifically, we want to learn a score
• such that when constrained to [0,1] represents the 

preference probability that  

• where         is the logistic function that returns
values in [0,1]
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i > j
<latexit sha1_base64="jb7TiUfi1Lns13FizxMZbu2k9Bg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqYE9S8OKxgqmFNpTNdtKu3WzC7kYopb/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1PBtXHdb6ewtr6xuVXcLu3s7u0flA+PWjrJFEOfJSJR7ZBqFFyib7gR2E4V0jgU+BCObmb+wxMqzRN5b8YpBjEdSB5xRo2VfE6uyWOvXHGr7hxklXg5qUCOZq/81e0nLItRGiao1h3PTU0wocpwJnBa6mYaU8pGdIAdSyWNUQeT+bFTcmaVPokSZUsaMld/T0xorPU4Dm1nTM1QL3sz8T+vk5moHky4TDODki0WRZkgJiGzz0mfK2RGjC2hTHF7K2FDqigzNp+SDcFbfnmVtGpV76Jau7usNOp5HEU4gVM4Bw+uoAG30AQfGHB4hld4c6Tz4rw7H4vWgpPPHMMfOJ8/w8ON9w==</latexit>

i > j
<latexit sha1_base64="jb7TiUfi1Lns13FizxMZbu2k9Bg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqYE9S8OKxgqmFNpTNdtKu3WzC7kYopb/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1PBtXHdb6ewtr6xuVXcLu3s7u0flA+PWjrJFEOfJSJR7ZBqFFyib7gR2E4V0jgU+BCObmb+wxMqzRN5b8YpBjEdSB5xRo2VfE6uyWOvXHGr7hxklXg5qUCOZq/81e0nLItRGiao1h3PTU0wocpwJnBa6mYaU8pGdIAdSyWNUQeT+bFTcmaVPokSZUsaMld/T0xorPU4Dm1nTM1QL3sz8T+vk5moHky4TDODki0WRZkgJiGzz0mfK2RGjC2hTHF7K2FDqigzNp+SDcFbfnmVtGpV76Jau7usNOp5HEU4gVM4Bw+uoAG30AQfGHB4hld4c6Tz4rw7H4vWgpPPHMMfOJ8/w8ON9w==</latexit>

x̂uij
<latexit sha1_base64="HoDAzZA1VhNGSEGXwJ2yxSH5OXo=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBA8hd0omGPAi8cI5gHJEmYns8mY2YczvcGw7Hd48aCIVz/Gm3/jJNmDJhY0FFXddHd5sRQabfvbWlvf2NzaLuwUd/f2Dw5LR8ctHSWK8SaLZKQ6HtVcipA3UaDknVhxGniSt73xzcxvT7jSIgrvcRpzN6DDUPiCUTSS2xtRTJ+yfpqIh6xfKtsVew6ySpyclCFHo1/66g0ilgQ8RCap1l3HjtFNqULBJM+KvUTzmLIxHfKuoSENuHbT+dEZOTfKgPiRMhUimau/J1IaaD0NPNMZUBzpZW8m/ud1E/RrbirCOEEessUiP5EEIzJLgAyE4gzl1BDKlDC3EjaiijI0ORVNCM7yy6ukVa04l5Xq3VW5XsvjKMApnMEFOHANdbiFBjSBwSM8wyu8WRPrxXq3Phata1Y+cwJ/YH3+AJ4lkp4=</latexit>

�(x̂uij) = P (i > j)
<latexit sha1_base64="K1T6x1o3Ai0zLLKwjucHvlORp7M=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhah3ZSkCnajFNy4rGAf0IQwmU7aaWeSMDMRS+jSjb/ixoUibv0Ed/6N0zYLbT1w4XDOvdx7jx8zKpVlfRu5ldW19Y38ZmFre2d3z9w/aMkoEZg0ccQi0fGRJIyGpKmoYqQTC4K4z0jbH11P/fY9EZJG4Z0ax8TlqB/SgGKktOSZx46kfY5K0BkglT5MvDShw0kZXsJGiV4Ny55ZtCrWDHCZ2BkpggwNz/xyehFOOAkVZkjKrm3Fyk2RUBQzMik4iSQxwiPUJ11NQ8SJdNPZIxN4qpUeDCKhK1Rwpv6eSBGXcsx93cmRGshFbyr+53UTFdTclIZxokiI54uChEEVwWkqsEcFwYqNNUFYUH0rxAMkEFY6u4IOwV58eZm0qhX7rFK9PS/Wa1kceXAETkAJ2OAC1MENaIAmwOARPINX8GY8GS/Gu/Exb80Z2cwh+APj8wfmHZiQ</latexit>

�()
<latexit sha1_base64="t0fiUTWj2XpvGzHKFLZj6xieRro=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuFeyx4MVjBfsB7VKyabYNTbJrkhXK0j/hxYMiXv073vw3pts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G09uF332iSrNIPphZTH2Bx5KFjGBjpd5As7HA1cthueLW3AxonXg5qUCO1rD8NRhFJBFUGsKx1n3PjY2fYmUY4XReGiSaxphM8Zj2LZVYUO2n2b1zdGGVEQojZUsalKm/J1IstJ6JwHYKbCZ61VuI/3n9xIQNP2UyTgyVZLkoTDgyEVo8j0ZMUWL4zBJMFLO3IjLBChNjIyrZELzVl9dJp17zrmr1++tKs5HHUYQzOIcqeHADTbiDFrSBAIdneIU359F5cd6dj2VrwclnTuEPnM8fZF6Pgg==</latexit>

�()
<latexit sha1_base64="t0fiUTWj2XpvGzHKFLZj6xieRro=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuFeyx4MVjBfsB7VKyabYNTbJrkhXK0j/hxYMiXv073vw3pts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G09uF332iSrNIPphZTH2Bx5KFjGBjpd5As7HA1cthueLW3AxonXg5qUCO1rD8NRhFJBFUGsKx1n3PjY2fYmUY4XReGiSaxphM8Zj2LZVYUO2n2b1zdGGVEQojZUsalKm/J1IstJ6JwHYKbCZ61VuI/3n9xIQNP2UyTgyVZLkoTDgyEVo8j0ZMUWL4zBJMFLO3IjLBChNjIyrZELzVl9dJp17zrmr1++tKs5HHUYQzOIcqeHADTbiDFrSBAIdneIU359F5cd6dj2VrwclnTuEPnM8fZF6Pgg==</latexit>



learning over pairs of items
• so score          captures preference of i over j for user u
• but how to compute it?
• using some model (e.g., matrix factorization) to predict the rating of 

user u to the two items 𝑖, 𝑗

• item 𝑖 is preferred over 𝑗, i.e., �̂�"# > �̂�"&
• difference is positive
• the bigger the difference the closer to 1 the probability 𝑃 𝑖 > 𝑗 becomes

• item 𝑗 is preferred over 𝑖, i.e., �̂�"& > �̂�"#
• difference is negative
• the bigger the (absolute) difference the closer to 0 the probability 𝑃(𝑖 > 𝑗)

becomes
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x̂uij
<latexit sha1_base64="HoDAzZA1VhNGSEGXwJ2yxSH5OXo=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBA8hd0omGPAi8cI5gHJEmYns8mY2YczvcGw7Hd48aCIVz/Gm3/jJNmDJhY0FFXddHd5sRQabfvbWlvf2NzaLuwUd/f2Dw5LR8ctHSWK8SaLZKQ6HtVcipA3UaDknVhxGniSt73xzcxvT7jSIgrvcRpzN6DDUPiCUTSS2xtRTJ+yfpqIh6xfKtsVew6ySpyclCFHo1/66g0ilgQ8RCap1l3HjtFNqULBJM+KvUTzmLIxHfKuoSENuHbT+dEZOTfKgPiRMhUimau/J1IaaD0NPNMZUBzpZW8m/ud1E/RrbirCOEEessUiP5EEIzJLgAyE4gzl1BDKlDC3EjaiijI0ORVNCM7yy6ukVa04l5Xq3VW5XsvjKMApnMEFOHANdbiFBjSBwSM8wyu8WRPrxXq3Phata1Y+cwJ/YH3+AJ4lkp4=</latexit>

x̂uij = r̂ui � r̂uj
<latexit sha1_base64="Fbog64GIv9ZFvnzvZhTwOrR5leI=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0VwoSWpgt0IBTcuK9gHtCFMptN22skkzEzEEvITbvwVNy4UcSu482+cpFnU1gsD53Evd+7xQkalsqwfo7Cyura+UdwsbW3v7O6Z+wctGUQCkyYOWCA6HpKEUU6aiipGOqEgyPcYaXuTm9RvPxAhacDv1TQkjo+GnA4oRkpLrnnWGyEVPyZuHNFxAq9hxkXGE3g+R8dJyTXLVsXKCi4DOwdlkFfDNb97/QBHPuEKMyRl17ZC5cRIKIoZSUq9SJIQ4Qkakq6GHPlEOnF2VQJPtNKHg0DoxxXM1PmJGPlSTn1Pd/pIjeSil4r/ed1IDWpOTHkYKcLxbNEgYlAFMI0I9qkgWLGpBggLqv8K8QgJhJUOMg3BXjx5GbSqFfuiUr27LNdreRxFcASOwSmwwRWog1vQAE2AwRN4AW/g3Xg2Xo0P43PWWjDymUPwp4yvXzG+n2o=</latexit>

[2009 UAI S. Rendle et al.] BPR: Bayesian Personalized Ranking from Implicit Feedback



learning over pairs of items
• how many training examples are there?
• for each rated item 𝑖 there are too many unrated items 𝑗
• 𝑂 𝑛% possible positive-negative (rated-unrated) (𝑖, 𝑗) pairs per 

user

• solution: reduce the number of pairs examined
• for each rated item sample a few negative (unrated) items

• in the end:
• learn over the created (𝑢, 𝑖, 𝑗) training examples
• the parameters of the underlying model (matrix factorization)

39[2009 UAI S. Rendle et al.] BPR: Bayesian Personalized Ranking from Implicit Feedback



point-wise vs. pair-wise learning
• point-wise learning (e.g., WMF)
• focus on making accurate rating predictions
• i.e., optimizes prediction accuracy

• pair-wise learning (e.g., BPR)
• focus on distinguishing the relative order (preference) between 

two items
• i.e., optimizes ranking accuracy
• more suitable for top-N recommendations
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